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Introduction 


MST204 is a course about the application of mathematical methods to the solution of 
problems which come from other fields: science, technology, economics, and so on. You 
will learn lots of new mathematics in this course, but the main emphasis is on using 
mathematics, and not on learning it for its own sake. Mathematical techniques which 
were topics of interest in their own right in your prerequisite course will now become 
tools to be used to solve problems. For example, you will already have studied 
differentiation. In your prerequisite course you probably concentrated on learning how 
to do it, simply because this would have been the first time you would have met this 
subject, at least in an Open University course. In MST204, on the other hand, 
differentiation is a tool to be used in the study of how things change: how populations 
grow and how the planets move around the Sun, to give two examples of many. What. 
is more, the investigation of either of these questions involves not just differentiation 
but several other mathematical techniques as well, all of which have to be used 
efficiently in combination, 


If you are to use mathematical techniques as tools in this way, you must feel confident 
of your grasp of them from the outset. This is why MST204 begins not with new 
material, but with this unit of preparation. In it you will be able to review the 
mathematical techniques from prerequisite courses which will be needed for MST204. 
The topics covered in this unit are ones which you should have met before; but it will 
have been months, if not years, since you last studied many of these things, and though 
you probably knew them well then, you may not have them quite at your fingertips now. 


There are many worked examples and exercises in this unit, and these should form the 
main focus of your attention. In particular, the more exercises you do, the better. In 
many places in the unit we have suggested a minimum set of exercises for you to try. If 
you can manage these without undue difficulty, then by all means move on to the next 
topic; but if not, try some more from the supplementary set until you do feel confident. 
But please do try as many as you can (and we mean ‘try’—do not just look up the 
solutions). 


The mathematical techniques reviewed in this unit will be required for two purposes in 
MST204. The first is for calculations and for arguments in the unit texts. The second 
is for exercises and for assessment. The distinction is this: in the first case you have to 
be able to follow what is written, but in the second you have to be able to carry out the 
work by yourself. Doing exercises and assessment requires a firmer grasp of the relevant 
techniques than does following a calculation or a line of argument, 


Study guide 


The sections may be read in any order. There are two audio-tape activities, in 
Subsections 1.3 and 4.2. There is no television programme associated with this unit, 


Unlike the other units in this course, this one has no unit outline in the MST204 
Handbook, However, the important results from this unit are all contained in the 
Handbook, in Sections 3 to 7. You may therefore find it helpful to refer occasionally to 
the Handbook while you are working on this unit. 


Sections 3 to 7 of the Handbook form a compendium of the mathematical results 
needed in MST204, One way of describing this unit is that its purpose is to provide 
some background to those results and to remind you how they are used. A more 
ambitious purpose of the unit is to make Sections 3 to 7 of the Handbook unnecessary: 
if you can really master the contents of this unit, you will never need to refer to that 
part of the Handbook again. 
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1 Algebra 


1.1 Algebraic manipulation 


We shall begin this preparatory unit with a set of exercises which are designed to 
remind you of the techniques of algebraic manipulation, with which you may be a little 
rusty if it is a while since you last used them. A solid foundation in these skills will 
help you to concentrate on the new ideas introduced in this course. 


Example 1 

Solve the equation 
l+@_ 1 
3422 

for z. 

Solution 


Cross multiplying gives 
2(1 +2) =1(3+2), 
Multiplying out the brackets, we obtain 


2+22=3+20, 

Collecting together like terms gives 
22-2 =3-2, 

Le. r=1. 


Note that alternative methods of solution are possible. For example, we could first put 
all (non-zero) terms on the left-hand side of the equation to obtain 

deo 1 

342 2— ui 
Putting the fractions over a common denominator gives 


2(1 +a) —1(3+ 2) a 


23+ 2) 9 
3 2+2r-3-2 _ 
al 23+2) 
e—1 
or S42)" 


For a fraction to be equal to zero, the numerator must be equal to zero, This leads to 
the solution x = 1, as before. O 


Exercise 1 
Solve the following equations for w. 
(i) 3(@@+3)-7(@-1)=0 


as eos 
Mi) tee a22 


[Solution on page 60] 


Example 2 

Make the variable y the subject of the equation 
se 
yt5 


Countdown, to Mathematics 
Subsections 2.4 and 6.4 


Countdown to Mathematics 
Subsections 2.5 and 6.5 
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Solution 
We have to rearrange the equation so that it takes the form 
y = expression in x. 
We start by cross multiplying to give 
y+3=2(y+5) =2y + 52, 


Collecting together the terms involving y on one side of the equation, and the other 
terms on the other side, we obtain 


y—2zy = 52-3, 

ie. (1—2)y = 5a —3. 
Hence y= pas 
1L=@: 


(Note that the equation is not defined for y= —5 and for x = 1, as these values would 
involve a division by zero, which is not defined.) O 


Exercise 2 
(i) | Make the variable t the subject of the equation 


xo — 4gt?. 


(ii) Make the variable « the subject of the equation 
2 
z+3 


[Solution on page 60] 


Supplementary Exercise 1 
Make a the subject of the equation 
s=ut+ }at?. 


[Solution on page 76 | 


Example 3 
Solve the simultaneous equations 
4x + 3y =-1, (1) 
3a +y =3. (2) 
Solution 


Multiplying Equation (2) by 3 gives 


9x + 3y = 9. 

Subtracting Equation (1) from this, we obtain 
52 = 10, 

ie. a=2. 


Substituting this value in Equation (2) gives 
6+y=3, 

or y=-3. 

So the solution is x = 2, y = —3. 


Of course, there are other methods of solution. For example, we could have started by 
subtracting 4 times Equation (2) from 3 times Equation (1). However, whatever 
method you use, you should obtain the solution #« = 2, y = —3. 


Countdown to Mathematics 
Subsection 7.5 


TM282 Unit 1 
Subsection 4.2 
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In this type of problem, you should always check your solution by substituting your 


answer into the original equations. In this case, 

4x + 3y=4x2+3x (-3) =8-9 
and 32+y=3x2+(-3)=6-3=3, 
which confirms that x = 2, y = —3 is the correct answer. O 


Exercise 3 

Solve the simultaneous equations 
2r—y=3, 
3r+y=2. 


[Solution on page 60 | 


Supplementary Exercise 2 
Solve the simultaneous equations 
2u — 5u = 19, 
Bu +4y = —29. 


[Solution on page 76 ] 


Example 4 
Factorize 
w+2-6, 


Solution 


As the coefficient of x* is 1, we need to find two numbers whose product is —6 and 
whose sum is 1. The possible decompositions of —6 are 1 x (—6), (—1) x 6, 2 x (—3) 


and (—2) x 3, So the required numbers are —2 and 3. Hence 
x 4+¢-6=(r—2)(x+3), 

We check our answer by multiplying out the brackets: 
(a — 2)(@ + 3) = a(x + 8) — 2(2 + 3) 


Exercise 4 

Factorize the following expressions. 

(i) 2? -5r+4 (ii) 4¢? — 5t-6 (iii) 42? — 25 

(iv) 2? — 2ay — 24y? (v) A? — 3A? — 40 (vi) uw? -6u+9 
{Solution on page 60 | 

Supplementary Exercise 3 

Factorize the following expressions, 

(i) 2746245 (ii) 2y? +5y4+3 (iii) 327-2 


[Solution on page 76 | 


Example 5 
Solve the quadratic equation 


xv? +2-6=0. 


Countdown to Mathematics 
Subsections 6.2 and 6.3 


TM282 Unit 2 
Appendix 1 


Countdown to Mathematics 
Subsections 6.2 and 6.3 
M101 Block I Unit 1 
Section 1.1 


MS284 Unit 1 
Section 1 


TM282 Unit 2 
Subsection 5.2 
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Solution 
Using the solution to Example 4, we see that the equation is equivalent to 

(x —2)(x +3) =0. 


If the product of two numbers is zero, then one of the two numbers must itself be equal 
to zero. Hence either z—2=0 or z+3=0. So 


oO 


w=2) or = 


Exercise 5 
Use factorization to solve the following quadratic equations, 
(i) 2? -5e+6=0 (ii) p? = 10p — 25 (iii) 3y?+8y+4=0 


[Solution on page 60 | 


Supplementary Exercise 4 
Use factorization to solve the following equations. 
(i) a? +27 =8 (ii) 64° +47 -A=0 


[Solution on page 76 | 


Exercise 6 
Use the formula 


+ Ve? = dae 
2a 
for the roots of the quadratic equation 


ar? +be+c=0 
to find the (real number) solutions of the following equations, wherever they exist. 
(i) 2? -2-12=0 (ii) 4y? +4y+1=0 
(iii) 2?@+24+2=0 (iv) A7+5\-3=0 


a= 


[Solution on page 61 | 


The formula for the solution of a quadratic equation arises in the following way. Using 
(a +h)? = 2? + 2he + k*, 


we can see that the non-constant terms of the quadratic expression ax” + bx + ¢ can be 
written as follows: 


b db)? # b\? w 
2 eA PS Le : = = =. 
ax’ +be=a(c +22) o{(o+8) a} a(z+ 2) rm 


2 


z ( a : 
az’ +br-+c=a(r+—})] ——+e. 
2a 4a 


Thus 


This process is called completing the square. Using this form, the quadratic equation 
az? +br+e=0 


can be written as 


pees 2 —4ac 
2a) 4a?” 
Taking the square root of both sides of this equation, we have 
z+ ua ay AS 
2a 2a 
te a hE VO dae 
‘a = 2a 4 


which is the familiar formula for the roots of a quadratic equation. 


Countdown to Mathematics 
Subsection 6.5 


M101 Block IT Unit 1 
Section 1.2 


MS284 Unit 6 
Subsection 2.2 


TM282 Unit 2 
Appendix 2 
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Exercise 7 
(i) Express 
x? —4¢-—5 
in completed-square form. 
(ii) Use the completed-square form to find the solutions of the quadratic equation 
2? 49-5 =0. 


(iii) Use the completed-square form to find the minimum value of x* — 4x — 5, and the value 
of x for which this occurs, 


[Solution on page 61 | 


1.2 The binomial theorem and factorials 


You are probably familiar with the expansions of (a + b)" for low (positive integer) M101 Block I Unit 2 
values of n, For example, Section 2.5 
0 MS284 Unit 2 
Gebrek Section 4 
(a+b)'=a+b, 


(a +6)? = a? + 2ab +67, 
(a +b)* = a® + 307d + 3ab? + b%, 
(a +b)* = a! + 4a%b + 6076" + 4ab* + 64, 
(a + b)® = a® + 5a"b + 10a%b? + 10076? + 5ab4 +65, 
where we have included the expansions for n = 0 and 1 for later convenience. The 


coefficients in these expansions can best be found by using Pascal’s triangle, which is 
given below, 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


i ith 21 35 35 21 t 1 


This is constructed by noting that each number is the sum of the two numbers 
diagonally above it, apart from the 1 at the start and end of each row. We also note 
that the coefficients in the expansion of (a +)" are given by the row whose second 
term is n. 


Exercise 8 

Use Pascal’s triangle to find the expansions of the following. 
(i) (a+4)’ (ii) (a +0)* 

[Solution on page 61 | 


Example 6 
Use Pascal's triangle to find the expansion of (2 ~ 3xr)*. 
Solution 
Here we have a = 2, b= —3r and n = 4. (Notice that the minus sign in the term 2 — 3z 
means that b must be equal to minus 3x, i.e. we must think of 2— 3x as 2 + (—3z).) 
Using Pascal’s triangle, 

(2 —8x)* = (2)* +4 x 2° x (—3x) +6 x 2? x (—32)? +4 x 2 x (32)? + (—32)4 

= 16 — 96x + 2162” — 2162° + 8ie*, O 
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Exercise 9 

Use Pascal’s triangle to find the expansions of the following. 

(i) @-18 (ii) (1-52)* (iii) (3 + 42)* 


[Solution on page 61] 


Supplementary Exercise 5 

Use Pascal's triangle to find the expansions of the following. 
(i) (1+2)* (ii) (2+2)° 

(Solution on page 76 | 


The coefficient of the term a”~"b" in the expansion of (a + 6)" is called a binomial 
coefficient and is written "C;,. The fact that 
(a +b)" =a" +"Cya"*b + "Caa"—2b? + ++ + "Cpa Pb" + + 
+ Cp 20"? + "Cq_ab”-? + BP 
for positive integers n is called the binomial theorem. In terms of the binomial 
coefficients, Pascal’s triangle is as follows. 


Yan 
14 10, 
2Co 2c, 2Cy 
3Cy 30, 30, IC, 
4Co 4c, 4Cy 4Cy 4c, 


So the binomial coefficient "C;. is the rth entry in the nth row of Pascal's triangle, 
where in each case we start counting with 0. A binomial coefficient can be expressed as 
a formula by using the factorial notation. For the positive integer n, we define 

n factorial, written n!, by 


nl =nx (n—1) x (n-—2)x+--x3x2x1 
In addition, we also define 

Oo=1. 
Using this notation, 


nl 


n 


Exercise 10 

Evaluate the following. 

(i) 5! 

Gi) 7 

(iii) °Cs (Check your answer by using Pascal’s triangle.) 
(iv) °C 


Exercise 11 
(i) Show that 
nx (n—1) x (n—2) x++- x (n—r +2) x (n—-r+1) 


c= 7x (r—1)x(r—2) X= KBX2KIT 


(ii) Hence find expressions for "C1 and "C2. 
(iii) Use the formula in part (i) to evaluate °C’. 


[Solutions on page 61 | 


You may find that your 


calculator has a key [:2!] for 
factorials. 


Note that there are r terms 
on both top and bottom of 
this quotient. 
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1.3 Powers and logarithms (Audio-tape Subsection) 


Exercise 12 

Describe the behaviour of a” for increasing positive integer values of n for the following. MS284 Unit 2 
Mies’ Waal Woeact, (Wi oxo Bection 1 

(vy) -l<a<0 (vi) a=-1 (vii) a<-1 

In particular, state in each case what happens to a" as n increases indefinitely. 

(Hint: You may find it useful to plot the values of a” for n = 1,2,3,4,5 for typical values of a.] 

[Solution on page 61 } 

The tape associated with this subsection considers the properties of the power Countdown to Mathematics 
function y = a, and its inverse, the logarithm function y = log, z, You will need Subsections 9.1 to 9.4 
some paper, a pen or pencil, the MST204 Handbook and a pocket calculator as you M101 Block IT Unit 2 
listen to the tape. Note that the detailed solutions to the exercises in the audio-tape Sections 2.3 to 2.5 
frames are given directly after the frames. MS284 Unit 2 


Sections 2 and 3 


TM282 Unit 6 
Sections 4 and 7 


Start the audio-tape when you are ready. 
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@ Integer Powers 


Power or exponent 


G =O X0) Xia 


Rosi sig 
n times 


NB (-a)" isnot the same as -a"; 
€.g.(-3)?=9# -9 = -3* 


6 Floating Point Notation 
23 500 = 2.35 x 10* 
0.0235 = 2.35 x 107? 


Number has the form cis an integer 


+b x 10° 1<b <10 


Exercises 


Put the following numbers into floating point form. 


(i) 54.2 (ii) 0.007 68 (iii) -279.3 (iv) - 0.04 
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6 Power Functions 


yaa 
base a must be positive 


Important properties 
e Multiplication Division Power of power 
a’ x a? =iqhee aP=q* =qP-4 (a?)* =a" 
107x102 =o ae 10°= 10? = 105? (Osa == 
= 10° =107 = 108 


4) Further Properties 
a. 
n>0 
(i) Zero power (ii) Power of 1 (iii) Root 
a’=1 =I a= %q 
17°=1 1 = 27"? =YZ7 =3 


m,n positive integers 


(iv) Rational power 


(v) Negative power 


an { (27) = a wird 
("Seay coat 

4 = (43)12 = fea a ae 
(4%)3 7 4v2 8 


(vii) Quotient 


(vi) Product 
(ab)* = a* b* 


(5x3) =5’x3” 
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5] Exercises 


Simplify the following. 

(i) x?x? (ii) x2/x* (iii) (x?)? 
(iv) 9% (vy) 27 (vi) 8° 
(vii) 16° (viii) (4\" (ix) (8x2)? 


6 ] Exponential Function 


Evaluate : 


Sketch the graphs. 


Ay=e™ 


Check this 
from Section 5.2 
of the Handbook 
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(7) Logarithm Function 


y= tog.x = tnx Similarly, 


y = tog, x 
is the inverse of 


Natural og, : inverse 
y=a™ (a>1). 


of y=e* 


Evaluate : 
st 
e Log, | © log, 2 © log. (5) e tog. (-2) 


A y= Loge oe 
the graph. 


(3) Properties 


These apply for Logs to any base, 
(i) Addition (ii) Subtraction 


tog, u + Log, v = og, (uv) f0gqu - Logav = Logg (¥) 
€0gq 2 + £0gq3 = t0gq 6 fogal2 -tog,4= tog, 


(iii) Multiple (iv) Negative (v) Log of 1 


n toggx = log, (x") 
2 tog,3 = 09,9 
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9] Exercises 


Simplify the following. 
(i) tog, 7 + Log.5 (ii) £og.8 - £09, 4 (ili) 3 Cog, 2 
(iv) ~ Log. 5 (v) 3loge4 - l0g.8 (vi) 4409425 +3toge 5 


@® £09. and Exp 


| &) Reflect in the line 
Yyrexp X, 


“ai. 
> y 


Loge 


t =exps <————_> s= fog, t 
V 


t = exp (Log, t) s = log, (exp s) Special case 


u with x = 1: 
exp (Loge x) = Loge (exp x) = x e° = Log, e=1 


with t=f(x): ef = F(x) 
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® Using the Inverse Properties 


Examples 


2 
i) eR? fie age? 2? 
2 
(itp) ele tesa eee N NS tage Leite a my 


(iv) Loge (e*) = 3x 


Exercises 


Simplify the following. 
(iy, 2°38 (ii) @°793e* (jij) el tegex* ge x41 


[€oge x - 2 l0g¢ (x+1)] (v) @lt*2toge x43] -*/2) 


(iv) e (vi) Loge (e 


® Using Logs to Solve an Equation 


aandb given; find x 


Take £o0gs of both sides: 
_ tog. 


x loge a = t0g-b ** Doge 


Exercise 


Solve the equation 1.1* =2. 


® wryer 


Derivatives of exp and Loge: 
3%. 
az (e*) =e"; 


Integrals : 


Je*dx=e*+c; 


18 
Solutions to Exercises in the Tape Frames 


Frame 2 
(i) 5.42x10' (ii) 7,68 x 10-8 (iii), —2.793 x 10? 


Frame 5 

() 2a =a 
(i) 23/et=a-4 = a7 =1/e 

Gt) Ca) ee 

(iv) 9? = V9 =3 

(vy) ated 

(vi) 8-1/8 =1/(8'/9) =1/ VB =} 

(vii) 169/4 = (16'/*)3 = (W16)3 = 23 =8 


2+5 — oT 
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(iv) —4 x 10-2 


(If you start by saying 16°/* = (16°)!/4, you will obtain the same answer but the 


numbers are much larger in the intermediate working.) 


y2_ 4? V4 


—- = =e 
3 


(viii) (4) wa 
(ix) (823)'/3 = Yan3 = YB x Va3 = 20 


Frame 9 

(i) log, 7 + log, 5 = log, (7 x 5) = log, 35 
(ii) log, 8 — log, 4 = log, ($) = log, 2 
(iii) Slog, 2 = log, (2%) = log, 8 

(iv) —log, 5 = log,(5~*) = log. § 


(v) 3log, 4 — log, 8 = log, (4%) — log, 8 = log, 64 — log, 8 = log, (S*) = log, 8 


(vi) }log, 25 + 3log, 4 = log, (25)"/? + log, (3)° 
= log, 5 + log, (4) =log,(5 x $) = log. § 


Frame 11 
(i) eSloeer = ele. (2*) = 
3 . 1 
(ii) e738! = e-leBe(a") — eloge(t/a9) — 3 
(iii) Bither ellee®+loge(2+1)) = elogela(=+1)] = x(x + 1) 
or ellog. 2 Hog.(2+1)] — log, teloge(2+1) — x(a +1). 
(iv) Hither elon, #-2log.(e+1)] — log, #—log.{(#+1)?}] 


= elBelz/(e+1)7) — 


z 
e+)? 
ellog. w= 2log,(a+1)) lobe # /e2 log, (a-+1) 

= ele # /eloBe{(2+1)"} — 


or 


iy 


(v) eltt+2 log, (24+3)] — o4p2log,.(2+3) — el glog, {(2+3)*} — eM(a +3)? 


(vi) log,(e®/2) = 


Frame 12 

In order to solve the equation 
117 =2, 

we take the natural logarithm of both sides to obtain 
log, (1-17) = log, 2 


The properties of the power 
and logarithm functions are 
summarized in Subsection 3.4 
of the Handbook. 
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or 

alog, 1.1 = log, 2. 
Hence 


_ log. 2 
r= lous 7.2725. 


End of solutions to tape frame exercises. 
Supplementary Exercise 6 


Write the following in floating-point form, 
(i) 0.00176251 (ii) —275 


Supplementary Exercise 7 
Which is the greater, (—5)* or (—4)°? 


Supplementary Exercise 8 
Simplify the following. 


@) (28) Gi) Flog, 27+ Hoge § (ii) exp {$loge(a")} 


[Solutions on page 76 | 


1.4 The summation notation and series 


The summation symbol, )>, is a convenient shorthand for representing the sum of a 
number of terms. Specifically, if a,,@2,...,@, is a sequence of numbers, then 


n 
ya means ay +2 +:+*+@n-1+4n 
ral 


n 
and Bes means = dm + Gm4i +°°*+@n-1 + Qn, 


r=m 
where m is an integer less than n. So, for example, we can write the sum 

100 
1422 +3?+-.-+99? + 100? conveniently as }>r*, as 1? = 1, and the infinite sum 
r=1 


" as 2° = 1. The symbol r is called a dummy symbol: we could 


co 
l+zta?+-as > 


r=0 
equally well use any other symbol, as long as it is not used elsewhere in the expression. 


Exercise 13 

Express the following sums using the summation symbol. 
(i) 14+24+34+445464+74+84+9+410 

(ii) 14+2°+3%4.--4(N-1)°+N% 


1 
(3) escescraee 


(vy) e-S 4+ S-Type 


: -1, rodd, 
[in cor = {zp r even. | 


[Solution on page 62] 


D is the Greek capital letter 
sigma. 


M101 Block II Unit 3 
Sections 3.2 and 3.3 


MS284 Unit 7 
Section 3 


TM282 Unit 9 
Subsection 2.1 
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In some cases we can find a simple formula for sums. For example, 


n(n + 1)(2n + 1) 


and = jr?(n+1)?. 


Supplementary Exercise 9 
Express the sum 
5? + 10? + 157 + «++ + 957 + 100” 


using the summation symbol, and hence evaluate the sum, 


[Solution on page 76 | 


Another sum we can evaluate is the geometric series 


n 

iat 
Doar sa tar tart +. +a2"? + ax") = G=2) (3) 
r= 

(where x # 1). Note that each term in the sum is derived from the previous one by 

multiplying by x, which is called the common ratio, The first term is a and the 


number of terms is n. 


Exercise 14 


The initiator of a chain letter sends out five letters to different people. Bach of these recipients 
sends out five letters in turn, and so on. Calculate the total number of people in the chain 
after ten sets of postings, assuming that no person is in the chain more than once. 


[Solution on page 62] 
Due to the term 2” in Equation (3), the sum of a geometric series becomes increasingly 


large in magnitude if |a| > 1. However, if |2| <1, then lim a” = 0, which means that 
n=00 
in this case the infinite geometric series has a finite sum, namely 


oo 
Sia =atartar? t= 28 (-1<2<1). 
r= 

Tn particular, 
l+a2t+a2?+2%+. (-l<@<1). 


z 


Exercise 15 

Evaluate the sum of the infinite geometric series 
14+3+(3)+@)+-- 

Exercise 16 

By writing the recurring decimal 0.1111... as 
16 + a0 + za00 + zoaom + °°" 

find its value as a fraction. 


[Solutions on page 63 | 


Supplementary Exercise 10 
Find the value of the recurring decimal 0.9999... as a fraction, 


[Solution on page 76] 


M101 Block II Unit 3 
Section 3.5 


MS284 Unit 11 
Section 7 


TM287 Unit 9 
Subsection 2.1 


M101 Block II Unit 4 
Section 4.5 


MS284 Unit 8 
Subsection 5.1 


TM282 Unit 9 
Subsections 2.2 and 2.3 
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2 Trigonometry 


2.1 The trigonometric functions 


In this course we shall almost always express angles in radians. Recall that 
360 degrees is 27 radians, i.e. 1 radian is 360/27 degrees. 


Exercise 1 


(i) 


Express the following angles in radians. 


(a) 30° (b) 90° (c) 135° (a) 240° (e) 360° 


(ii) Express the following angles (given in radians) in degrees. 


(a) jx (b) 4m (c) 3m (d) + (e) $n 


[Solution on page 63] 


You will previously have met the three trigonometric functions sine, cosine and 
tangent. There are three further trigonometric functions, called secant (abbreviated as 
sec), cosecant (abbreviated as cosec) and cotangent (abbreviated as cot), which are 
defined by 
1 1 1 cos 0 

sec) = cosecd = cot = 5 = ag: 
Although these definitions are quoted in Subsection 4.1 of the MST204 Handbook, they 
are worth remembering, particularly as most calculators do not have keys for sec, cosec 
and cot and so values have to be found by using their relationships to cos, sin and tan. 


It is also worthwhile remembering the sine, cosine and tangent of 0, 47, 47, 42 and $m 
radians. These are given in Table 1, although you may find the triangles in Figures 1 
and 2 useful in helping you to remember them. 


Table 1 
@ (in radians) @ (in degrees) sin@ cos@ tan@ 
0 0° 0 L 0 
dn 30° ; 3 3 
1 © 
Ly 45 4 4 1 
i ow 6 YM 
a 90° if 0 not defined 


The graphs of the sine, cosine and tangent functions are shown in Figures 3 to 5. 


- 
f 


Figure 3. The sine function. 


Countdown to Mathematics 
Subsection 5.1 


MS284 Unit 3 
Subsection 2.1 


TM282 Unit 3 
Subsection 2.6 


Countdown to Mathematics 
Subsections 8.1 and 8.2 


M101 Block I Unit 3 
Section 3.2 

MS284 Unit 3 
Section 2 


TM282 Unit 3 
Subsections 3,2 and 3.3 


v3 u 
Z\ Cy 
Figure 1 A 45%45%90° 
triangle. 


Figure 2. A 30°60%90° 
triangle. 
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vs 


Figure 4 ‘The cosine function, 


Figure 5 ‘The tangent function. 


It is also useful to remember the range of values of @ for which sin, cos@ and tan@ are 
positive or negative. You can do this by referring to Figures 3 to 5, But probably the 
best way of remembering them is by using Figure 6, which you can recall by using the 
mnemonic CAST. For example, it indicates that the sine function is positive in the 
second quadrant, } < @ <7 (and the cosine and tangent functions are negative), 
whereas in the fourth quadrant, Pius <0 < 2m, the cosine function is positive (and the 
sine and tangent functions are negative). The sine, cosine or tangent of any angle @ can 
now be found by 


e drawing a sketch of the radial line at the anticlockwise angle @ to the positive 
«-axis, as shown in Figure 7 (remembering that negative angles are measured in the 
clockwise direction). 


Then 


e the magnitude of sin, cos or tan of the angle @ is equal to sin, cos or tan of the 
acute angle between the radial line and the (positive,or negative) x-axis; 


e the sign of sin, cos or tan of the angle @ is given by the CAST diagram. Figure 7 


S(in) 


T(an) | C(os) 


Figure 6 The CAST 
diagram. 
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Exercise 2 

Write down the values of the following. 

(i) sec 3 (ii) cosec(—}7) (iii) cos 3 (iv) tan(—47) 
{Note: Answers of the form 1/,/2, for example, are acceptable.] 


[Solution on page 63 | 


Supplementary Exercise 1 
Write down the values of the following. 
(i) cot $4 (ii) sin(—37) 


[Solution on page 76 | 


2.2 The inverse trigonometric functions 


Exercise 3 
Find all the angles @ in the range 0 < 0 < 2z for which sin@ = 4. 


[Solution on page 63 | 


If z =sin@ then 0 can be described as ‘an angle whose sine is 2’. But there will be 
more than one angle @ whose sine is x. For example, as you saw in the above exercise, if 
sin @ = }, then 6 can be 47 or 7, as well as either of these angles plus any integer 
multiple of 27. To overcome this confusion we define the inverse trigonometric function 
arcsin to be the angle @ in the range — 4m < @ < }7 whose sine is x. This is called the 
principal value range of the function arcsin x. The notation sin~' x is sometimes used 


for arcsinx, but we shall not use this notation in this course to avoid possible confusion 


1 i * 7 A 
with = The trigonometric functions cosine and tangent also have corresponding 
inverse functions. They are all listed below, together with their corresponding principal 
value ranges. 


Table 2 


Function Inverse function Principal value range 
of inverse function 


2=sind —in<0<hn 
cos @ 0<0<7 
x =tand -—3n<0<hn 
Exercise 4 
Find the values of the following. 
(i) arecos $ (ii) arctan 1 (iii) arecos(—}) (iv) arctan(—1) 


[Solution on page 63 | 


Supplementary Exercise 2 
Evaluate the following. 
(i) arcsin(sin $n) (ii). sin(arccos 3) 


[Solution on page 76 ] 


Countdown to Mathematics 
Subsection 8.3 


M101 Block I Unit 4 
Section 4.3 


MS284 Unit 5 
Subsection 3.2 
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2.3 Some useful trigonometric identities 


You will previously have met the trigonometric identity 


sin? 0+ cos” @= 1. (a) 


This is equivalent to Pythagoras’ theorem for acute angles 0, as shown in Figure 8. 
Dividing both sides of Equation (1) by cos? #, we obtain 


ante 4 1 
cos? "~~ cos?’ 
ie, 1+ tan? @ = sec? 4. 


Similarly, by dividing by sin? 0, we can obtain a third identity, 
1+ cot” @ = cosec? 4. 


Given the value of one of sin 0, cos @ and tan @, we can find the possible values of the 
other two by using these identities. 


Example 1 
If @ is the acute angle such that tan@ = i, find the values of cos @ and sin. 
Solution 
There is no identity relating cos @ and tan@ directly. However, by using the identity 
relating tan @ and sec@, we can find cos@ by using cos@ = 1/ sec 0. 
Now 
sec? @ = 1+ tan?@=14+ (3)? = 33, 
80 sec@ = +4. 
As @ is an acute angle, we choose the positive sign. Hence 
cos@ = 3, 
By using either of the other two identities above, or the identity tan @ = an we can 
similarly show that 
sind = 3. 


Alternatively, we can obtain these values by considering a right-angled triangle ABC 
with BC = 3 and AB = 4 (see Figure 9). Using Pythagoras’ theorem, AC = 5. Hence 


Trey 


cos @ = Aes 


BC 
sind=-—~=2 and 
in 7 ol 
Exercise 5 
If @ is the acute angle such that 
sind = x, 


find expressions for cos@ and tan@ in terms of x. 


[Solution on page 63 | 


You will also have previously met the formulas 


sin(a + 8) = sinacos 3+ cosasin J, 
sin(a — 9) = sinacos 3 — cos asin 3, 
cos(a + 3) = cosacos 3 — sin asin @, 
cos(a — 3) = cos acos 3 + sina sin j, 
tana + tan@ 
tanatan 3” 

tana — tan 

1+ tana tans" 


tan(a + 8) = 


tan(a@ — 8) = 


M101 Block I Unit 3 
Section 3.3 


MS284 Unit 3 
Sections 3 and 4 


TM282 Unit 3 
Subsection 3.4 


L rsind 
a 
reo 

Figure 8 
c 
2 3 

4 

A B 


4 
Figure 9 The 3-4-5 triangle, 
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These identities are all given in Subsection 4.3 of the Handbook, although you may find 
it convenient to memorize the expressions for sin(a + 3) and cos(a + 8). By putting 
a =0 and @ = @ in the expressions for sin(a — 3) and cos(a — @), it immediately follows 
that 

sin(—#)=—sin@ and cos(—0) = cos 0, 


as we can see from the graphs of the sine and cosine functions shown in Figures 3 
and 4. 


Exercise 6 
By putting a = }m and §= im in the formula for sin(w — ), show that 
v3-1 

2v2 * 


[Solution on page 63] 


Pe ene 
in pt = 


Supplementary Exercise 3 


Show that the function Acos(wt + ¢) (where A, w and ¢ are constants and ¢ is a variable) can 
be written in the form Bcoswt + C sinwt, giving expressions for B and Cin terms of A and ¢. 


[Solution on page 77] 


Exercise 7 
By putting 8 =a in the formulas for sin(a + 3) and cos(a + 8), prove the identities 


sin 2a = 2sinacosa 


and cos 2a = cos” @ ~ sin’ a = 2cos* a — 1 = 1 — 2sin? a, 


[Solution on page 63 | 


The identities derived in the above exercise can be useful in integration, as you will see 
in the audio-tape section associated with Section 4. Again, these results are quoted in 
Subsection 4.3 of the Handbook, so it is not necessary to remember them. However, it is 
important that you make yourself familiar with this section of your Handbook as it 
contains many useful formulas. 


Exercise 8 


Use the formula cos 2a = 1 — 2sin? a to find the value of sin}. (An expression involving 
square roots is sufficient—there is no need to evaluate the answer as a decimal.) 


Exercise 9 

By putting 9 = 2c in the formula for sin(a + 3), show that 
sin 3a = 3sina —4sin® a. 

[Solutions on page 63 | 

Supplementary Exercise 4 

Express cos 3a in terms of cosa. 


[Solution on page 77] 


You will meet an alternative 
method of proving this result 
in Unit 5. 
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3 Calculus I: Differentiation 


3.1 Notation 


You will be familiar with the idea of variables connected by an equation. For instance, 
if an object moves in a straight line with an initial velocity of 2ms~* and a constant 
acceleration of 10ms~?, then the distance it has travelled, « metres, after a time 

t seconds is given by the equation 


x= 2t+5t?. 


The feature of this equation that concerns us here is that the left-hand side consists of 
the single term x and the right-hand side involves only ¢ and not x. The equation tells 
us that « depends on ¢, and it enables us to calculate the appropriate value of x as soon 
as a value of t is given. When two variables and ¢ are related by any equation in this 
way, we say that « is a function of t. We call x the dependent variable and ¢ the 
independent variable. 


Since « is a function of t and x = 2t + 5t?, it is logical to say also that 2t + 5t? is a 
function of t. Indeed, the term ‘a function of ¢’ is used to mean any expression whose 
numerical value is determined by the value of t: for example ¢?, sin t and e! are all 
functions of t. When one variable, say 2, is a function of another, say t, we use the 
notation x(t) to stand for the function of t. So in the above example we can write 


x(t) = 2t + 5t?. 


This notation is particularly convenient if we wish to find the distance travelled after a 
certain time. For example, the distance travelled after 3 seconds is 


2(3)=2x3+5x3*=51 (metres). 


The numerical value of a function at a particular value of the independent variable is 
called the value of the function, So, for example, the value of the function x(t) at t= 3 
is x(3) = 51. 


In mathematics, the most common symbols used for the independent and dependent 
variables are x and y respectively (and not ¢ and x as above). The symbols t (for time) 
and z (for distance or position) are commonly used in mechanics, however. When a 
function is being thought of as a mathematical object we often use the letter f for it 
(sometimes g or h), and we write f(x) for the result of applying the function f to the 
number «, So if a variable y is a function of 2 we should write 


y= f(z). 
Our earlier example, where we used the same symbol for the dependent variable and 
the function, is an abuse of this notation. However, this usage is particularly convenient 
when it comes to interpreting mathematical equations physically. For instance, in our 
example it is clear that the derivative 


a'(t) = 2+ 10¢ 


is an expression for the rate of change of the variable x with respect to the variable t, 
that is, an expression for the velocity. This would have been masked if we had used the 
strictly correct mathematical notation 


f'(t)=2+ 10t. 


However, there are dangers in using this more informal notation. In Unit 4 you will see 
that the velocity v of an object can be thought of either as a function of time ¢ or as a 
function of position x. So it is not immediately clear whether v(2) means the velocity 
at time t = 2 or the velocity at position 2 = 2. 
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In MST204 we shall use differing notations for the derivative of a function y = f(«), 
depending on the context. In the function notation a dash is used to denote a 
derivative (as above), so that if f(#) = sinz we have 


f'(x) = cos x. 
In the Leibniz notation the derivative of a variable y with respect to a variable x is 


denoted by # (in the main text this is often printed as dy/dz to save space). 


For example, if y = log, x then 


dy 1 
dz 
As an extension of this notation, the process of differentiation with respect to x is 
denoted by the symbol — written to the left of the expression or variable to be Read a as ‘differentiating 
differentiated. So what follows with respect to 
A 1 a’, or as the command 
ae (log, z) = = ‘differentiate’. 


Various mixtures of the function and Leibniz notations are sometimes used. So the 
derivative of a function f(x) could be denoted by #, and the function which is the 


derivative of a variable y with respect to a variable x might be written as Ye) This 


latter notation is especially useful if we want the value of the derivative # ata 


particular value of the variable x. So, for example, if y = x + 2x?, then 
dy _ 4.2 
Pole 3a° + 4x 
and 4 (9) = 3x 2? 44x 2= 20, 
da 
When the independent variable is x, the derivative of a dependent variable is often 


denoted by a dash. For instance, if y = x~?, we could write 
2 


ye “3 
y =-22 === 


Similarly, when the independent variable is time, usually denoted by t, we often use a 
dot to denote differentiation. This notation is prevalent in mechanics. So if the velocity 
v of an object at time ¢ is given by the equation v = cost, we should have 

&=-—sint. 
The derivative of a derivative is called a second derivative. For example, the second 


derivative of the function f(z) is the derivative of f'(x) and is denoted by f’(x), In 
terms of variables, the second derivative of a variable y with respect to a variable x is 


4 (4) _ #4 _ yp 
dz \ da dx? 


If the independent variable is t, the second derivative of z = z(t) is 


d (ds) _ ds 
dt\ dt) dt? 


Third and higher derivatives are defined and written analogously. However, more 
than three dashes is cumbersome and so the fourth derivative of the function f(a) is 
denoted by f(x) rather than f’”"(a), and the nth derivative by f() (a). 
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Exercise 1 
Calculate the following. 
(i) f(z), where f()=2sine+cosr (ii) x, where y = Vz (= 2/2) 


(iii) v'(0), where v = tané + sec (iv) %, where x = t? + 2e* 
(v) #(3), where f(a) = 322-4241 (vi) Xo), where y = Stan? —2sint 


@z 
dx?’ 
(Note: A list of standard derivatives is given in Subsection 6.3 of the Handbook] 


(vii) where z = log, x (viii) f (4m), where f(t) = 2sint 


[Solution on page 64 | 
Supplementary Exercise 1 

Calculate the following. 

(i) bet) what a (= 32-3) 

(ii) fio4 3 sint) 

i) = sin 

(iii) (4m), where « = 4cost + 3sint 


[Solution on page 77] 


3.2 Differentiation 


Differentiation obeys the following rules. Here a and b are constants and u and v are 
functions of the variable «. 


Linearity rule 
du 


d dv 
ae = ee to 


Product rule 
dv 


d du 
ae) Cir a ua 


Quotient rule 


du dy 
oe as ae 
da \v ve 


Chain rule, composite rule or ‘function of a function’ rule 


(sola) = #o(2))9(2) 


A more common way to write this is 


where w= g(x) and y= f(u) (= f(9(z))). 


Example 1 
Use the chain rule to differentiate the following functions. 
(i) y=sin(z?) (ii) y= sin? x 


M101 Block III Unit 1 
Sections 1.1, 1.2 and 1.4 
M101 Block III Unit 2 
Sections 2.2 and 2.4 
MS284 Unit 9 
Sections 1, 2 and 4 
MS284 Unit 10 
Sections 2 and 4 
TM282 Unit 5 
Sections 3 and 5 
TM282 Unit 7 
Section 3 
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Solution 
(i) The function y = sin(x?) is a ‘function of a function’ where 


y=sinu and u=a*. 
Now 

Ce erie du 

dy = OSU cos(z*) and ree 22. 
So 

¥ = aude = (cos(x?)) x (2x) = 2a cos(2?). 


(ii) The function y = sin? z is the composite function 


y=u*, where u=sinz. 
Now 
eS iueciane and = cose. 
du Chi 
So 
dy _dydu_ 
ie ae = 2sinxcos x. 


{Note: You should aim to learn to use the chain rule for composite functions without 
explicitly writing down the inner function u = g(z), if you cannot do so already, You 
will soon be able to do so, after a little practice. One way of proceeding is to spot how 
the function may be expressed as a composite f(g(s)), write down f', putting g(x) as 
its argument, and then remember to multiply by the ‘compensating factor’ g/(w).] 0 


Exercise 2 
Differentiate the following functions by using the chain rule. 
(i) y= sin(2x + 47) 
(iv) z= (3x7 +1) 


(ii) s =e" (iii) y = arcsin(5z) 


(v) z=log.(y?+1) (vi) y= Vda? 


[Solution on page 64 | 


Supplementary Exercise 2 
Differentiate the following functions, 
(i) @=log,(8t+4) (ii) y = arctan(4z) 
(iii) y = exp(t?) (iv) 2 = tan(3 — 4¢?) 
[Solution on page 77| 


Exercise 3 
Differentiate the following functions. (‘These differentiations will involve the use not just of the 
chain rule, but of the other rules, and possibly more than one at a time.) 


() y=teint (ii) u= ne (iii) y=see(>"7) 
(iv) 2 =sin(tsint) (v) e=e"™’ tany 


[Solution on page 64 | 
Supplementary Exercise 3 
Differentiate the following functions. 


(i) s(e) = Bee 


(i) e=te™ (iii) 9(t) = texp(t*) 


[Solution on page 77) 


A function of a function is an 
alternative name for a 
composite function. 


When e is raised to the power 
of a complicated expression, 
as here, we often write 

exp{ f(«)} rather than e/(*) 
(since the former is easier to 
read). So part (v) could be 
written 2 = exp{sin y} tan y. 
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3.3 Implicit differentiation 


Exercise 4 
(i) | Use the chain rule to differentiate the following. 
(a) y=sin(z*) (b) y=sin(z* +1) — (c) y=sin(e*) 
What is the common pattern to your answers to parts (a) to (c)? 


(ii) Use the chain rule to find the derivative of y = sin(u(z)), where u(x) is an (unknown) 
function of z, giving your answer in terms of u and du/ 


[Solution on page 64 | 


Suppose, for instance, that we wish to find dy/dz when the variables x and y satisfy 
the relationship 
ytsiny =a +e. 


It is impossible to derive from this an equation y = f(«) which can be differentiated in 
the normal way. However, in this case, each term can be differentiated with respect to 
@ as it stands, to give 


ze + A¢iny) = £@)+ Ze), 


ie. # +S (siny) =146. (1) 
Just as in Exercise 4, we can use the chain rule to find the derivative of siny, even 
though we do not know explicitly the function y = y(x). This gives 


di, Oi cleyeu ena 
az (sinu) = ay SO ae = cosys 


Substituting this in Equation (1) finally leads to 


dy dy 
YY + cosy = 146%, 


dx dx 
be dy _ _1+e* 
dx 1+cosy™ 


We have to leave the result in this form because we cannot express y in terms of x. The 
method used above is called implicit differentiation. 


Exercise 5 

Simplify the following, where y is an unknown function of x, leaving your answers as 

expressions involving 2, y and <4. 
dr \ 

@ 407) Gi) eany) Gi) Hog.) Gv) F (og, (siny)) 

i ae y i ars ny, MM, — Oe Y, a Bo ( Sin Y, 

@) Ae cw) Zeer) (wit)  (sin(a? +9") 

[Solution on page 64 | 

Supplementary Exercise 4 

Simplify the following, where y is an unknown function of z, leaving your answers as 

expressions involving «, y and 2. 

() 2 cosy?) (i) Zog(e+e) Git). A (ean(ey)) 

dx dr ¥ dx 


[Solution on page 77] 
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Exercise 6 
Find the slope of the tangent to the ellipse 
a +4y?=8 


at the point (2,1) by 
(i) expressing y as a function of x and then differentiating this function, 
(ii) differentiating the equation of the ellipse directly, using implicit differentiation. 


Exercise 7 

Find the slope of the tangent to the curve 
a +aty+y =1 

at the point (—1, 1). 


[Solutions on page 65 | 


3.4 Extrema of functions 


In mathematical models of real situations, as well as in curve sketching, we are often 
interested in finding local maxima and local minima of a function f(x). At a point 
which is a local maximum, the function has a greater value than at points immediately 
on either side, and the derivative f(x) changes from positive, through zero, to negative. 
Similarly, at a point which is a local minimum, the function has a smaller value than at 
points immediately on either side, and the derivative changes from negative, through 
zero, to positive. Thus at a local maximum or a local minimum, the derivative of the 
function is zero. (Note that the overall or global maximum or minimum of a function in 
a given range may not occur at a local maximum or minimum but at an extreme point 
of the range, as shown in Figure 3; here, the derivative may not be zero.) 


overall maximum. 
local maximums 


overall minimum local mimimums: 


i 
I 
i 
i 
' 
i 
i 
1 
| 
| 
| 
1 
i 


at 


ol range 


Figure 3 


Rather than using the change in sign of the first derivative to decide if a stationary 
point is a local maximum or a local minimum, it is sometimes more convenient to use 
the second derivative. If f(a) > 0 at a stationary point, then it is a local minimum; if 
f"(x) <0, then it is a local maximum. However, if f(x) = 0 at a stationary point, 
then the point might be a local maximum, a local minimum or a point of inflection 
with a horizontal tangent. (The functions y = x‘, y = —a* and y = 2° at the point 
(0,0) are examples of these three types of behaviour.) 


M101 Block III Unit 2 
Section 2.3 


MS284 Unit 10 
Section 3 


TM282 Unit 5 
Section 4 


i | I'(2) =0 


f(z) >y f(x) <0 


eee 


0 z 


Figure 1 Local maximum. 


vA 


f(z) <0 '(2) >0 
f(a) =0 


of 


ra) a 
Figure 2_ Local minimum. 


A point which is either a 
local maximum or a local 
minimum is called a local 
extremum, 


A stationary point is a 
point at which f'(x) = 0. 


32 
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The procedure for finding and classifying stationary points of a function y = f(z) is 


summarized below. 
(a) Find f(a) and f"(x). 


(b) Solve f’(x) = 0 to find the x-coordinates of the stationary points. 


(c) Evaluate f(z) at the stationary points. 
(i) If f"(x) <0, the point is a local maximum. 
(ii) If f"(x) > 0, the point is a local minimum, 


(iii) If f”(x) = 0, find the sign of f’(r) immediately to the left and right of the 


stationary point. 


Sign to left Sign to right Type of point 


fe = Local maximum 
= at: Local minimum 
+ Si Point of inflection 


with horizontal tangent 


Example 2 
Find and classify the stationary points of the function 
y= }x° — $2? +22. 
Solution 
The function is y = f(x) where 
f(x) = 42° — $2? + 22, 
So f'(c) =a? — 32 +2 
and f"(w) = 22-3. 
At stationary points, f’(r) = 0. 
Hence x*—~3r+2=0, 
ie, (a —1)(@—2) 
So r= 


0. 


or 2=2. 


Now f"(1)=2x1-3<0 

and = f()=4x19-$x?+2x1=$, 

so the stationary point (1, 8) is.a local maximum. 
Also, f"(2)=2x2-3>0 

and = f(2)= 4.x 29-3x2?4+2x2=3, 


therefore the stationary point (2, 3) is a local minimum. O 


Exercise 8 

Find and classify the stationary points of the function 
= 22° — 32? - 122 +6. 

[Solution on page 65) 

Supplementary Exercise 5 

Find and classify the stationary points of the function 
= 3x* + 82" — 4827 + 200. 


[Solution on page 77] 


UA 


ee 
ra) rc 


Figure 4 Points of inflection 
with horizontal tangent. 
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Exercise 9 


A square sheet of metal of side 60cm has squares of side xem cut from each corner, as shown 
in Figure 5. The remaining piece is then folded to make an open box, as shown in Figure 6. 


xem 


ey 
60cm 


Figure 5 Figure 6 
(i) Derive an expression for the volume of the box. 


(ii) Find the value of for which the volume of the box is a maximum, and calculate the 
maximum volume. 


(Solution on page 65 | 


4 Calculus II: Integration 


4.1 Standard integrals and integration by guesswork 


When you are required to differentiate a function, it is usually not too difficult to 

decide upon the method or methods to use. Unfortunately, this is not the case for 

integration, and deciding on the method of integration is often a matter of experience M101 Block III Unit 3 
and sometimes even trial and error. The MST20{ Handbook includes tables of integrals Sections 3.2 and 3.3 
in Subsection 7.1, and you may like to have the Handbook open at these tables as you MS284 Unit 11 

study this section. When confronted with an integral, a natural first step is to consult Sections 3 and 4 


these tables. TM282 Unit 9 
Sections 3 and 4 
Exercise 1 


Use the tables of standard integrals to evaluate the following. 


T 
(i) | corede (ii) j dx (iii) V4—22 de 
1 


1 

(iv) ‘ mae (v) fi sin? 30 
0 

[Solution on page 66] 
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Supplementary Exercise 1 
Use the tables of standard integrals to evaluate the following. 


<a 

(i) [ochre (ii) |wae wy f sin 2ecoe3adz 
f 

[Solution on page 77] 


If the integral does not appear in the tables of standard integrals, we can often use the 
fundamental theorem of calculus to evaluate it. This theorem states that if we can 
find a function F(x) such that 

Ca 


<= f(a), (a) 


then [sede = F(z)+C, 
where we have included an arbitrary constant of integration C for the indefinite 
integral, as is the practice in this course. The function F(z) is often called a primitive. 


The following technique is useful. Given a function f(x), we guess a possible form for 
the function F(x) and then possibly refine our guess until Equation (1) is satisfied. 
This process, which is sometimes called integration by guesswork, should become 
clear after reading the following two examples. However, if you find these examples or 
any of the following exercises difficult, you may find it easier to evaluate them by using 
integration by substitution, which is discussed in the next subsection. 


Example 1 
Evaluate 


fox +3)* dz. 


Solution 
‘The integrand is a composite function, namely u* where u = 2x2 + 3. We recall the 
standard derivative 
gb) nc bok 
rd )=52*, 
which suggests that a possible first guess for the primitive F(«) is (2x +3). However, 
d 8 4 
gy (20 + 3)° = 10(22 + 3)%, 
which differs from the integrand f(x) = (2x +3)* by a multiplicative factor 10. So we 
adjust our initial guess to give the primitive function 
F(x) = 4 (20 +3). 
Finally, we check that 
apd 
dx dx 
as required. We conclude that. 


(})(2x + 3)°) = (2a +3)* = f(z), 


[ortsae= #(2z+3)+C. O 


Example 2 
Evaluate 


f esinte® +1)dz. 
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Solution 
Concentrating on the most complicated part of the integrand f(x) = x? sin(x* +1), 
which is the composite function sin(x* + 1), we recall the standard derivative 

E (eoss) =-sinz, 
This suggests that our first guess for the primitive F(.r) is — cos(x* +1) (or possibly 
+cos(x* +1)). However, 

d 

ae c08(2" +1)) = 32? sin(x* + 1), 
which differs from the integrand f(x) = a? sin(a* + 1) by a constant multiplicative 
factor 3, So we adjust our initial guess to give the primitive function 

F(z) = —} cos(x* +1). 
Finally, we check that 

dF 


oF = (4 cos(a? + 1)) = 2 sin(a" +1) = f(a), 


as required, and conclude that 


J 2 sin(2? +1) de =~} os(e® +1) +6. oO 


As you can see, integration by guesswork depends on the fact that differentiation and 
integration are inverse operations, apart from an arbitrary constant of integration, and 
basically uses your ability to differentiate composite functions. If you find any of the 
following exercises difficult do not worry, as we shall consider an alternative method of 
evaluation in the next subsection. 


Exercise 2 
Use integration by guesswork to evaluate the following integrals, 


(i) / cos(2e+3)dz (ii) i we” de 
(iii) fre +1)'de (iv) [eve —ldx 
[Solution on page 66 | 


Supplementary Exercise 2 
Use integration by guesswork to evaluate the following integrals. 


(i) [ostwa (ii) wre 


[Solution on page 78 | 


4.2 Integration by substitution (Audio-tape Subsection) 


If you found Exercise 2 difficult, an alternative approach is to use the technique called 
integration by substitution. This method depends less on inspiration, but is more 
time-consuming! The technique is outlined on the audio-tape associated with this 
subsection. From your prerequisite course you may be used to a slightly different 
approach: our advice is to use the method with which you are most familiar. While 
listening to the tape, you might find it helpful to have the Handbook open at the tables 
of standard integrals in Subsection 7,1. Note that detailed solutions to the exercises in 
the audio-tape frames are given immediately after the frames. 


Start the audio-tape when you are ready. 


It is important that the 
difference between the 
derivative of the guess and 
the integrand is a constant 
factor and not a function 
of x. 


M101 Block IIT Unit 4 
Section 4.2 


MS284 Unit 12 
Section 2 


TM282 Unit 11 
Section 2 
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@ The Formula 


Integration by J¥ (u(x) au dx = ff(u) du 
substitution : eee aia 
function function 
of x of u 


Example. 


2 
Sx 005 (x") dx Choose function u (x) 
(substitution) 


Letu=x?, 
d 


Then 34 = 2x, 
dx Find du in terms 
so du = 2x dx. of x and dx 


J x cos (x?) dx = ft cos (x*)(2x dx) 


Write integral in 
terms of uand du 


: sinu+c Integrate 


2 
peel sin (x2) +c. Write answer in 
Z terms of x 
(2) Exercises 


Integrate the following. 
(i) frie +1)’ dx 
(ii) fcos x e*”* dx 
(iii) sin x cos? x dx 


(iv) It dx 
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(3) Choosing a Substitution 


St(ulx) dx = Sfwidu 
Ub isa 


spot the Try u=inner function 
composite of composite 


Example 
2,8 9 
Sx? (xP +1)" dx. 


( inner J inner _ 1 


function function 


so try substitution u = xt. 
Exercises 
Choose a substitution for the following. 


(i) fx (1+x")? dx (ii) fe* cos(e*) dx 


2 
ci) [35 dx (iv) [2 dx (0<x<m) 


A Special Case 
Quotient: top is 
derivative of bottom 


Use substitution u =g (x). 


Example 

example Try u= xi + uA 
du _ 

then as ax 

and du =2x dx. 


Cie ee 


Similarly, “(x) 
if g(x) 0 lie dx = Loge (g(x) +c 
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6 Exercises 


Integrate the following. 
cos x 


(i) [hs dx wn | dx (0<x<mT) 


sinx 


(i) [5 dx (x>1) 


G Sitill the Special Case 


is dx: what if g(x) <0? 


Substitution u=~-g(x) leads to ae = ~4'(x) 
ft du, where u>0, 
= tog. utc = fog, (-g(x)) +c. 


Example 


{2 (-1<x <1) x7-1<0,s0u=1-x’: 
- then du= - 2xdx. 


= 4 0g, (1-x?) +6 


7) Definite Integrals: an Example 


3 
ree dx Substitution u=x7+1 
: later , gives du = 2xdx 
Limits: x= 1<—>u=1l+1=2 


= 2 = 
= Gopal +1=10 


Le ex dx integral in 
1x74] terms of x 
Ae 
-f a du 


10 _ 


= [log,u], = Cog. 10 - toge2 = Log, 5 
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(3) Exercises 


Evaluate the following. 
5 sin 


2 
(i) ~ dx (i) [xl dx 
1 


9 COS 
(9) A Harder Example 
x 
ore dx (x>-1). 
Letu=1+x (u>0); 
then $4 = 1 and du = de. 


need x in 
terms of u: 


Integrate 


1 
= Log, (1+ x) Pie 


Exercises 
Integrate the following 


(i) fx Jx=1 dx (x>1) (ii) fx(2x +1)? dx 
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‘10) Trigonometric Substitution 


If integral involves 

© Ja*-x? (-a<x <a), try x=a sinu, 
then Jq?-x? = a /{-sin?u = acosu; 

° at+x? try x =a tanu, 


then a?+x? = a7(1+tan*u) = a? sec*u. 


Example 


[rag (acnea 
Letx =@ sinu, 
dx 
then Gp =acosu and dx =a cos udu. 
Also /a*-x? = a cos.u. 
1 a 1 
ly== Rae, (acos udu) 
= [\du=utc 


= as 
arcsin (4 ] + ¢ 


Exercises 


Integrate the following. 


(i) as (-2<x<2) (ii) lied. 


(iii) aa dx (iv) f/1-x? dx (-1<x<1) 
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Solutions to Exercises in the Tape Frames 


Frame 2 
(i) To evaluate f x?(x> + 1)° dz, let u= a +1. 


Then e =32*, sothat du =3a? dx. 
Hence 


[c+ Pae= f 5(e° +0")(20" ae) 
= fw du 


=$(2*+1)" +e. 
(ii) To evaluate [cosae*"* dar, let u = sina. 
Then * =cosx, sothat du=cosadz. 
Hence 


fcoseein de = [ecoseas) 


= feta 


=e“+C 
=r cg. 
(iii) To evaluate f sin x cos* x dz, let u = cos. 
du - ‘ 
Then no sinz, sothat du=-—singdzx. 
Hence 


[ sinzcos ade = = f (cosa)?)(~sin nde) 


=~ [du 


(iv) To evaluate jf 


Then e =22, sothat du=2rda. 
dx 


os ma! 
| ene-} | (Gan) 
1 
= [pew 


= pfu 


=v2+¢o 


=V1+27+C, 


Hence 


Frame 3 


Suitable substitutions for the integrals are as follows. 
(i) u=1+2? (ii) u=e* (ii) u=29+1 (iv) u=sing 
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Frame 5 
(i) To evaluate [ 


é 
ake we 


dz, let u = e* +1, which we note is always positive. 


; sothat du=e* dz, 


a ar f 1 (c* dz) 
ti” J esi” 
= fee (where u > 0) 
=log,u+C 
= log, (e7 +1) +C. 


(ii) To evaluate / ae dz (= f cot de), let u = sinx, which is positive for 


O<se<n. 
du 
Then —=cosz, sothat du=cosxrdz. 
dx 
Hence 
SOS tay = / = foonwdz) 
sin x sin 


= [aw (where u > 0) 


=log.u+C 
= log,(sinz) + C. 


2 


da, let u = x* — 1, which is positive for 2 > 1. 


(iii) To evaluate | i 


Then ue =22, sothat du=2rdz. 


Hence 


1 
de=} [ 5 @rde) 


=} [ide (where u > 0) 
= flog.u+C 
= }log,(x? -1)+C. 


For the case x < —1, 2? — 1 is again positive and so we can again use the 
substitution u = 2? — 1. The working is exactly as above, to obtain the result. 


dx = $log,(x? — 1) +C. 


However, in the case —1 < x < 1, x? — 1 is negative and it is necessary to use the 
substitution u = 1 —?, as discussed in Frame 6. 


With this substitution a = —2r, so that du = —2x dx. Hence 


-1/ 
2 
bf dan (wh 0 
2) {%& (where u > 0) 
= }log.u+C 

= }log,(1 — 2?) +. 


Summarizing the above results, 


Liog.(e?-1)+C (x <-1), 
dr = 4 tlog.(1—2”)+C (-1<2<1), 
log.(2?-1)+C (x>1). 
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Frame 8 
7/3 sing «fa 
(i) To evaluate [ ea” -[ tana da }, let u = cos, noting that u > 0 for 
0 0 
O<a<in. 


Then & =-singz, sothat du=—sinzdg. 


Furthermore, when x = 0, u=cos0 = 1, and when x = 377, u = cos § 
So 
1/8 i =n/3 
Se ae = - f =* (sinnds) 
fo COs ead) | COE 
u=1/2 4 
= -[ —du 
us 
ara” 
= — (loge 3 — log, 1) 
= —(—log, 2— 0) 


= log, 2. 
2 
(ii) To evaluate [ ay? —1dz, let u=2? -1. 
1 


Then as =2zx, sothat du=2zrdz. 


When z = 1, u= 1? —1=0, and when x = 2, u=2?7-1=3, 


Hence 


2 e=2 
i aa? —1der = if (a? — 1)'/7(22 de) 
1 ‘ook 


Frame 9 
(i) To evaluate fx/x—Idz, let u=a—1, so that e=u+1. 


d 
Then = =1, sothat du=de. 
Hence 
[warTee = [(u+ nviedu 
= foe ull?) du 
= 2u?/? + 209/240 
= 2(@-1)9/? + 22-1)? +. 
(ii) To evaluate f x(2x + 1)° dz, let u = 2x +1, so that «= }u— 4. 


Then ue =2, sothat du=2dz. 
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Hence 


f2e+1Pae= ifa du —4)u? du 


“pee ul? — 14°) du 


10 
= qul—pulic 


= 422 +1)" — B22 +1)" +0. 


Frame 11 


(i) To evaluate f Fae = [ 


Then sade erey so that dx = 2cosudu. 


dz, let ¢ = 2sinu. 


du 
Hence 
f ee- [vy 
V4 — 2 1/4(1 — sin? u) 
2cosu 
2cosu 
ba 
=u+C 
= aresin(}x) + C. 
ea 5 
(ii) To evaluate lr Cars a= [oon 3 de, let « = 3tanu. 


Then < =3sec?u, sothat dx =3sec? udu, 


Hence 
5 2 
[rae =f am sys Ue) 


2 
sec” u 

= | ——du 
fs 


=$u+C 
= $arctan(4z) + C. 


(iii) To evaluate / ee dx, let 2 = tanu. 


Then & =sec?u, sothat dix =sec? udu. 


Hence 
1 


= 1 2 
ara’ | ape aya ee wa) 


=sinu+C 
= sin(arctanz) + C 


— =o 
vi-o * 
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where the identity 
2 


sin(arctan 2) = ——— 
( v1l+ 
follows from the right-angled triangle in Figure 1 for x positive. In fact, the final 
answer is also correct for x negative, as can be verified by differentiation. 


(iv) To evaluate f V1 — x? dz, let x =sinu. 


Then o = cosu, so that dx =cosudu, 


Hence 
[ Vir Bae= | (vimana) (cosuda) 
= f cos udu 


= 4 [0+ cos) du 

= }u+tsin2u+C 

= }u+4sinucosu+C 

du -ahsion aaa 
= darcsine + SaV1—2? +0. 


End of solutions to tape frame exercises. 


Exercise 3 
Use integration by substitution to evaluate the following integrals. 


(i) [xe*-9%a (ii) | cee (-1<t<1) (i) [eo-te 
2 

A 1/3 1 ' i = 

(wy) [xen dW) las (e>0) (vi) | ava—1de 


[Solution on page 66 | 


Supplementary Exercise 3 
Use integration by substitution to evaluate the following integrals. 


(i) [eves ldx (¢>0) (ii) pe dt (iii) [cososin® oa 
(iv) J eos”) ao (v) ft dx (e>3) — (vi) [ VrFe 
V22=1 2 E 


[Solution on page 78 | 


4.3 Integration by parts 


The final method of integration that we shall consider is integration by parts. 
However, this is not really a technique for integration, but a method of converting an 
untenable integral into another integral which we hope can be integrated by using the 
tables of standard integrals, integration by guesswork or integration by substitution. 


In function notation, the formula for integration by parts can be written as 
J loa’) ae = see)a(2) - f r(e)o(e) ae, 
whereas in Leibniz notation it is 


dv du 
[oGac=w- [var 


Unfortunately, the notation for this formula in the literature is far from standard; our 
advice is to use the notation with which you are familiar, 


vir 


You may be able to evaluate 
some of these by using 
integration by guesswork, but 
do them by substitution for 
the sake of the practice. 


M101 Block III Unit 3 
Section 3.4 

M101 Block IIT Unit 4 
Section 4.1 

MS284 Unit 11 
Section 5 

MS284 Unit 12 
Section 1 


TM282 Unit 10 
Section 4 
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Example 3 

Evaluate 
; we* dir. 

Solution 

Using Leibniz notation, we choose 

ds, 

u=x and = I 
di ‘ 

So Sf =1 and v=er. 


Substituting in the formula 


[vGar-w- foZar, 
dx 


we obtain 


[xtae = ze" — [rae 


=aet— fetde 


=se*-e +C. O 


Before we can use integration by parts, we first have to decide how to write the 


integrand as the product of two functions, namely wu and ¢ , although this is veel 


obvious. Secondly, we have to decide which part of the Ghee to call u and which a. 


This is important because if you make the wrong choice you could make the integral 
more difficult rather than simpler! A good rule of thumb is to choose as u the function 
in the product which occurs first in the following list: 


e logarithm function, 
e polynomial function, 
© exponential function, 


¢ sine or cosine function, 


di 
Obviously, you need to ensure that you can integrate your choice of = in order to be 
able to find the function v. 


Exercise 4 
Use integration by parts to evaluate the following integrals. 


(i) [08 dx (ii) fee dx (iii) [eed 
{Hint; You will need to use integration by parts twice to evaluate the integral in part (ii). In 
part (iii) first write the integrand as the product (1)(log, «).) 


[Solution on page 67) 


Supplementary Exercise 4 
Use integration by parts to evaluate the following integrals. 


(i) [rte (ii) | soovde 


[Solution on page 78 | 


In Exercise 4(ii) we have seen that sometimes it is necessary to use integration by parts 
more than once. For example, to evaluate f x"e* dx, fx” sinxdzx or [ x” coszdz, 
where n is a positive integer, it is necessary to integrate by parts n times before we 
obtain a standard integral. In the following exercise we shall see one further case where 
we use integration by parts twice. 


Note that we do not include 
a constant of integration in v. 
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Exercise 5 


By using integration by parts twice, evaluate We shall see another method 
of evaluating this integral in 
j e* sine dz. 


Df Unit 5. 


[Solution on page 68 ] 


The formula for using integration by parts for definite integrals is 


* du 


As you will see in Exercise 7, it is sensible to substitute the limits 2 =a and 2 = b in 
the wv term at each stage when using the integration by parts formula a number of 
times in order to evaluate a definite integral. 


Exercise 6 
Use integration by parts to evaluate the definite integral 


n/2 
i wsin 2x da. 
0 


Bxercise 7 
Consider the definite integral Strictly speaking, we should 


100 say 
ne iI a"en* de. a 
0 In = tim, f a"e™* dx. 
0 


(i) Evaluate Jo, using the fact that e~* + 0 as a — oo, 
(ii) Use integration by parts to show that 
In=nIn-1 (n= 1,2,3,...). 
(iii) Use the results of parts (i) and (ii) to evaluate Jy, (n = 1,2 


[Solutions on page 68 | 
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5 Graphs and approximations 


5.1 The straight line 


The most general equation of a straight line in the (x, y)-plane is the linear equation 
ar +by=c, 


where at least one of the coefficients a and 6 is non-zero. Apart from lines parallel to 
the y-axis, this equation is often written in the form 


y=mz+e, 


where m is the slope or gradient of the line and c is the y-intercept, i.e. the value of y 
at the point where the line crosses the y-axis (see Figure 1). 


av 


Figure 1 The straight line y= ma +c. 


Example 1 
Find the equation of the straight line which passes through the points (1,2) and (2,5). 
Deduce the slope of this line and its x- and y-intercepts. 


Solution 
Let the equation of the straight line be 


y=mr+e. 

The points (1,2) and (2,5) are on the straight line, hence 
2=mt+e 

and = 5=2m+e. 

Solving these equations, we obtain 
m=3 and c=-l. 

Hence the straight line is 
y=3r-1. 

The slope of the line is 
m= 3. 

The line crosses the y-axis where x = 0, so 
y=-1. 

The y-intercept is therefore ¢ = —1. 

The line crosses the z-axis where y = 0, so 
32 —1=0, 

ie. Za, 


which is the x-intercept. O 


Countdown to Mathematics 
Subsections 3.3 and 7.1 


TM282 Unit 1 
Section 3 
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Exercise 1 
(i) Find the z- and y-intercepts of the straight line 
Qe + 3y =3. 
Hence draw the graph of this line. 
(ii) Draw the graph of the line 
y= 30 
by finding the coordinates of two points on the line. 


Exercise 2 
Find the equation of the straight line with slope —2 which passes through the point (1,1). 


[Solutions on page 68 ] 


Supplementary Exercise 1 


Find the equation of the straight line with slope 3 which passes through the point: (—1,2). 
Find the a- and y-intercepts of this line. 


[Solution on page 79] 


5.2 Curve sketching 


This subsection is intended to help you to sketch a curve without just plotting points 
on the curve. Often, a knowledge of the basic shapes of the graphs in Subsection 5,3 of 
the Handbook is sufficient. 


Exercise 3 
Sketch the graphs of the following functions. 


(i) y=2sinde (ii) y=e7/* 


cosa 


[Solution on page 69] 


Even if you know the sort of shape to expect, you may need more information in order 
to sketch a particular graph. For instance, you may need to know the coordinates of 
the local maxima and minima, and where the graph crosses the axes. A possible 
procedure for sketching a graph is given below. 


e Find where the curve crosses the z-axis and y-axis, if at all. 

e Determine how y behaves when « is very large and positive and when z is very 
large and negative. 

e Look for any values of x for which the function is undefined, and examine the 
behaviour of y near these values of x. 


e Find and classify any stationary points of the function. 
e Transfer the above information to a diagram, and use this to draw the sketch graph. 


Example 2 
Sketch the graph of 
z+ 
Llamas 
Solution 
When x = 0, y = }, and so the curve crosses the y-axis at (0,4). When y= 0, x = —1, 
and so the graph crosses the x-axis at (—1,0). 


For very large x, 


yo 


RIA 
tt 


M101 Block IIT Unit 2 
Section 2.3 


MS284 Unit 10 
Section 3 


See Subsection 3.4 of this 
unit. 
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In fact, when is large and positive, y is just less than 1, whereas when z is large and 
negative, y is just greater than 1. 
The function is undefined when « = —2. When z is just less than —2, y is large and 
positive, whereas when « is just greater than —2, y is large and negative. 

dy _ (1) x(e@+2)—-(@+1)x(J)_ 

dx (x +2)? (x +2)?" 
This cannot be equal to zero for any values of x and so the function has no stationary 
points. 


Collecting together the above information, we conclude that the sketch of the curve is 
as shown in Figure 2. 
vA 


Figure 2. Sketch of the curve y = 


Example 3 
Sketch the graph of 


y= he? — $2? + 22, 
Solution 
When « = 0, y = 0, and so the curve crosses the y-axis at the origin. 
When y = 0, 


4a’ — 32? + 22 =0, 
or x (42? — 3242) =0. 
So r=0 or 2wv?-9r+12=0. 


The quadratic has no (real) solutions and so the curve crosses the z-axis only at the 
origin. 
For large 2, 

yx iz’, 
In particular, when « is large and positive, y is also large and positive, whereas when x 
is large and negative, y is large and negative. 
‘The function is defined for all values of x. 
Using the solution to Example 2 of Subsection 3.4, the function has a local maximum 
at (1,3) and a local minimum at (2, 3). 
Collecting together the above information, we arrive at the sketch of the curve shown in 
Figure 3. 


MST204 P.5. 51 


Figure 3. Sketch of the curve y= $2°— $2? +22, 0 


Exercise 4 
Sketch the graph of the function 
y = 22° — 327 -— 120 +6. 


[You will find the answer to Exercise 8 of Section 3 useful, Do not worry if you cannot find the 
points where the curve crosses the «-axis!] 


Exercise 5 
Sketch the graph of the function 


aa 
we 
[Solutions on page 69) 


Supplementary Exercise 2 
Sketch the graph of the function 
y = 3x" + 82° — 482° + 200. 
{You will find the answer to Supplementary Exercise 5 of Section 3 useful.] 


Supplementary Exercise 3 


Sketch the graph of the function 


ee 


“etl 


{Solutions on page 79] 


5.3 Rounding and accuracy 


IfT use my calculator to to write 4 as a decimal, I obtain 0.333 333 333, which is only Countdown to Mathematics 
an approximation to the fraction, although a very good one! Here the fraction has been Subsection 1.1 


rounded to nine decimal places, and we say that the decimal is correct to nine M101 Block V Unit 1 
decimal places. We can, of course, round to any number of decimal places. For Section 1.5 
example, 4 correct to three decimal places is 0.333, whereas 2 is 0.667. In this last MS284 Unit 14 


example note that 3 is closer to the value 0.667 than it is to 0.666. Formally, the rule is Subsection 5.3 
as follows. 
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Consider the number 
w = t2.dydydg...dy—1dydnyi.--5 


where z is a (positive) integer and each d; (i = 1,2,3,..,) is a digit (ie. an integer 
between 0 and 9 inclusive). The rounded form of the number « correct to n decimal 
places is 


B= +t2.didodg...dn—1en 


where 

é = if dny1 = 0,1,2,3,4, 

zt dy +1, if dry: = 5,6,7,8,9. 

We can similarly round to the nearest whole number, or 10, 100, 1000, etc. 
Exercise 6 
Round —136.524 8635 to 
(i) two decimal places, (ii) four decimal places, 
(iii) six decimal places, (iv) the nearest whole number. 


[Solution on page 70 | 


When rounding a number, as above, we inevitably make an approximation. The error 
in an approximation % to a number z is defined to be 


e=T-z. 


Exercise 7 
Round 7 to four decimal places. Find the error in this approximation, expressing your answer 
correct to six decimal places. 


[Solution on page 70 | 


My calculator displays the value of m as 3.141 592654, which is correct to nine decimal 
places. This tells me that has a value between 3.141 5926535 and 3.1415926545. In 
other words, the error in my nine decimal place approximation for 7 is in the interval 

(0.000.000 000 5, 0.000 000 000 5). In general, the error e, in an approximation to 

n decimal places satisfies 


len] $5 x 107+), 


Instead of rounding a number to n decimal places, we can alternatively round a number Rounding to n significant 

to n significant figures. For example, 1234.567 89 rounded to two significant figures _figures means taking only n 
is 1200, to four significant figures is 1235 and to six significant figures is 1234.57. digits at the left-hand end of 
Similarly, 0.000 812376 rounded to two and four significant figures is 0.00081 and Hip: decimal expremeiea 
0.000 8124 respectively. 


Exercise 8 


Round the following numbers to four significant figures. In each case find the error in the 
approximation, 


(i) 324961 (ii) 0.001743.498 — (iii) — 6.598.374 x 10-* 
[Solution on page 70 | 


elastic 
string 


5.4 Fitting straight lines to data 
bag 


In Unit 7 we shall describe a simple experiment which you could set up at home. The 
experimental apparatus is constructed by tying together several rubber bands to 7 i aca 


coins 


produce an elastic string which is used to suspend a bag from a door lintel. The bag 
contains a number n of identical heavy coins, and the height h of the bag above the 
floor is measured when the system is stationary. The table below shows the Figure 4 The experimental 
experimental data for the height of the bag for different numbers of coins. apparatus. 
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Table 1 
Number n of coins 5 10 15 20 25 
Height h above floor in metres | 1.53 1.38 1.15 0.91 0.69 


As you will see in the following exercise, a graphical plot of this data indicates that 
there is an approximately linear relationship between the height of the bag and the 
number of coins in the bag. In many experimental situations, including this one, it is 
sufficient to find the linear relationship by drawing a straight line ‘by eye’ which you 
think is the ‘best’ fit to the points in the graphical plot of the data values. 


Exercise 9 


(i) On graph paper, plot the height, h, of the bag against the number, n, of coins in the bag 
for the data given in Table 1. 


(ii) Draw ‘by eye’ the straight line which you think is the ‘best’ fit to the points plotted in 
part (i). 


(iii) Use your answer to part (ii) to estimate the height of the bag before it contained any 
coins. 


(iv) Use your answer to part (ii) to estimate the decrease in the height of the bag caused by 
the addition of one coin to the bag. 


(v) Use your answers to parts (iii) and (iv) to write down the equation of your ‘best’ fit line. 
[Solution on page 70] 
If you wish to be more objective in finding the ‘best’ fit line, it is necessary to decide 


what you mean by ‘best’. The most common method is called linear regression or 
the method of least squares, The result is that the best linear fit 


y=mo+e 


to a set of data (a;,4;) (i = 1,2,3,...,n) has gradient 


i=l i=1 
The calculations are quite lengthy for a large number of data points, but you might find 
that your pocket calculator has the facility to perform the calculations automatically. 
Alternatively, you may have access to a computer software package (for example a 
spreadsheet package) which will perform the calculations. If you have to resort to hand 
calculations, you should work throughout to at least & + 2 significant figures, but quote 
your final answers to k significant figures, where the minimum accuracy given in the 
data is k significant figures. 


Exercise 10 


(i) Either by performing hand calculations, using the linear regression facility on your 
pocket calculator, or by using this facility of a suitable software package, use the method 
of least squares to find the best linear fit to the data given in Table 1. 


(ii) Using the result of part (i), estimate the height of the bag above the floor when it 
contains 12 coins. 


[Solution on page 70] 


M101 Block IT Unit 3 
Section 3.4 


MS284 Unit 7 
Subsections 4.3 and 4.4 
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5.5 Taylor polynomials and series 


Exercise 11 
Find the slope of the tangent to the curve y = e” at 2 = 0. Hence find the equation of the 
tangent to the curve at the point (0,1). 


[Solution on page 71 | 


In Exercise 11, you found the equation of the tangent to the curve y = e” at 2 =0. 
This could be used to approximate the function f(z) = e* in the neighbourhood of 
a = 0, although it is not very good except for small values of x, as you can see from 
Figure 5(a). This approximation, 

pi(t)=1+2, 
is found by demanding that it and its first derivative have the same values as f(a) = e* 
and its first derivative at 2 = 0. The above approximation can be improved by using a 


quadratic approximation whose second derivative also has the same value as that of 
f(x) at cx =0. 


Example 4 
Find the quadratic approximation po(z) to 
F(a) =e 


such that p2(a) and f(x), their first derivatives and second derivatives have the same 

values at x = 0. 

Solution 

First we calculate the values of f(x) = e* and its derivatives at « = 0. 
f(a)=eF + f0)= 
S(x) = fX0) 
f(ey=e= => f"(0) = 1 

Next we calculate the derivatives of the quadratic function pa(a) = a9 + a.2 + agx* and 

their values at x = 0, 


poz) =ao+ayx+agn® = po(0)=ao 
Po(a2) = ay + 2aga => (0) =a 
p(x) = 2ag => — py(0) = 2ag 


In order that p2(0) = f(0), p4(0) = f"(0) and py(0) = f”(0), we must therefore choose 
ag=1, a,=1 and ag=}. 

Hence the quadratic approximation to f(x) = e* is 
po() =1+2+ $2. 

‘The graph of this function is shown in Figure 5(b). O 


Exercise 12 
Consider again f(«) = e*. 
(i) Find £(0), f'(0), (0), #’"(0) and f“ (0). 
(ii) Hence find the cubic approximation 
ps(w) = ao + aie + aga” + aga® 
such that ps(0) = f(0), »4(0) = f'(0), pS(0) = £"(0) and ps"(0) = f’"(0). 
(iii) Further, find the quartic approximation 
pa(x) = ao + air + apa” +ag2° + asc" 
such that ps(x) and f(a) and their first four derivatives have the same values at x = 0. 


[Solution on page 71 | 
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In the above exercises and example we have found the polynomial approximations 


1 
clea 

po(t) =1+ nt at as 

ps(z) = 1+ arty +42, 

pa(z) =14+ 5 Letaateg? iz 


3 
to the function f(x) = e* in the ete of x =0. These are called the first-, 
second-, third- and fourth-or 'er Taylor polynomial approximations about x = 0. 


"4 
20 / 
/ 
/ 
/ 
/ 
v4 
=] 4 
£ 104 a 
> 
© 
(a) pi(z)=1+2 
vA 
> 
2 
12 
(b) pa(t) =1+2+ 52 
vA 
204 / 
/ 
> 
@ 


(c) ps(z) =1+24+ a2 tae 
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ss! 


se 
31 


eames s, lia 
(4) pa(z) = 1424 5a? + Fa* t+ Ge 


Figure 5 ‘Taylor polynomial approximations to f(x) =e" about 2 =0, The dashed curve is 
the function f(x) = e*, whereas the solid lines are the approximations p,(7). 


Table 2 The function f(x) =e" and the Taylor polynomial approximations 
Pn(x) about « = 0. 


Ed = -0.75 -05 -0.25 0.25 0.5 0.75 1 


f(z) 0.3679 0.4724 0.6065 0.7788 1.2840 1.6487 2.1170 2.7183 
r(z) 0 025 O58 O75 1295 15 175 2 

p(x) 0.5 (0.5313 0.625 0.7813 1.2813 1.625 2.0313 2.5 
p3(x) 0.3333 0.4609 0.6042 0.7786 1.2839 1.6458 2.102 2.6667 
pa(z) 0.375 0.4741 0.6068 0.7788 1.2840 1.6484 2.1147 2.7083 


As you can see from Figure 5 and Table 2, these approximations are good in the 
neighbourhood of x = 0 and improve with the order of the approximating polynomial. 


We can use the above methods to find polynomial approximations of any order to any 
function f(a), The nth-order Taylor polynomial approximation about x =0 to 


the function f(a) is 
/ ” m (n) 
Pn(a) = f(0) + fO)e+ £0), +f ola eames Man, 


(1) 


Exercise 13 
Find the nth-order Taylor polynomial approximation about « = 0 to the function 


fe) = 


I-2' 


[Solution on page 71 | 


Supplementary Exercise 4 
Find the cubic Taylor approximation about x = 0 to the function 
f(x) = tana. 


[Solution on page 79 | 


In Subsection 1.4, by summing an infinite geometric series, we saw that 


ltater te + .-= 


-1 
ioe (-l<a<1), 


whereas in Exercise 13 we saw that the nth-order Taylor polynomial about :x = 0 for 
(1—2)-? is 

l+eta? +a peta +2". 
Comparing these results, we see that for —1 <2 <1 

im, (Taylor polynomial approximation) = original function, 


M101 Block IIT Unit 1 
Section 1.5 

M101 Block IIT Unit 5 
Section 5.3 

MS284 Unit 9 
Section 5 

MS284 Unit 99 
Sections 1, 2 and 3 
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The question is whether this result is true for all functions. The answer is ‘yes’ as long 
as the function is ‘well-behaved’, perhaps for a restricted range for x. In the case of 
f(a) =e, 
ma) eae 
Sho tae bie 
for all values of x. The infinite series obtained by taking the limit of a Taylor 
polynomial is called a Taylor series. 


For a function f(x), the Taylor series about x = 0 is 


We shall not discuss what 
‘well-behaved’ means in this 
unit. You can assume that 
all functions you meet in this 
course are ‘well-behaved’. 


M101 Block III Unit 5 
Section 5.3 


MS284 Unit 99 


0 10) mg ‘ 
100) + eg Lr 4 LO 9a. (2) Section 3 
Exercise 14 
Find the Taylor series about = 0 for the function f(x) = sinx. 
[Solution on page 71 | 
The Taylor series about x = 0 for some functions are quoted in Subsection 6.4 of the 
Handbook, These are as follows. 
zt Pa it a 
WES Oar gail 
2 at 2 
cos x = 1— a See ee 
2 
3 
= — 
=ltzty+ 
log, (1 +a) = 2 — (-l<2<1) 
(a+2)" =a" +ra" 2+ He Bar-ag? + era MP Frags te (-a<a<a) 


The last series is valid for any value of the constant r. If r is a positive integer, this 
reduces to the binomial expansion discussed in Subsection 1.2. Notice that the last two 
series in the table above are valid only for a restricted range of values of x. 


Exercise 15 

Use the above formulas to find the Taylor series about x = 0 for the following functions. 
(i) f(@) =e" ~— (ii). F(@) = log, (1-22) (-b<a<}) (iii) f(e)=2sine* 
[Solution on page 71 | 


Supplementary Exercise 5 
Use the above formulas to find the first five terms of the Taylor series about « = 0 for the 
function 
f(a) =(1+2)'?. 
Hence evaluate V/1.01 to 6 decimal places. 
(Solution on page 80 | 


As illustrated in Figure 5 and Table 2, Taylor polynomials about x = 0 provide good 
approximations to the function for values of x near 0. However, we may wish to 
approximate a function in the neighbourhood of some other point. We can generalize 
expressions (1) and (2) to define the Taylor polynomials and Taylor series about x = a, 
where a may be any number. For example, the Taylor series for the function f(a) 


about r= ais Fe 
sla) + FO ea) + L ie a) a) 4 Fea) + 


Exercise 16 

(i) Find the Taylor series about « = 1 for f(x) = log, x. 

(ii) Use this series to calculate the value of log.(1.1) to 4 decimal places. 
[Solution on page 72] 


MS284 Unit 99 
Section 4 
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6 End of unit exercises 


Exercise 1 

Find all the real values of x which satisfy the equation 
z= 227 48, 

Exercise 2 


(i) Show that "Ca-+ ="C,. 
(ii) What feature of Pascal's triangle does this formula describe? 
(iii) Use the formula in part (i) to evaluate !°°Cos. 


Exercise 3 


Find expressions for sin @, cos @ and tan in terms of t = tan 30. 


Exercise 4 
Find all the angles @ in the range 0 < @ < 2x which satisfy the equation 
sec? @ = 4tand +6. 


Exercise 5 


Express y = 2” in the form y = exp(something), and hence find its derivative. 


Exercise 6 

: . A B ¥ expression 
Wi —— A int Pea ail 

(i) rite RT a Rey where A and B are constants, in the form @+ie+2) 

(ii) Pind values of A and B such that 


1 Ate 
(@+I@+2) r+1' r+2° 
(iii) Hence evaluate 


1 
laaeme 
Exercise 7 
Differentiate the following functions. 
(i) sin(e+22) (ji) sinz+sin?x (iii) sin(sinz) 
(iv) sin(sin(sinz)) — (v) a (vi) (1-42%)e"* sin 3x 


Exercise 8 
Evaluate the following integrals. 


(i) [seas (ii) [ce (@>-1) (iti) {& dz 
, oe ? log, (log, 2) 
(iv) [ee (v) |ae« (vi) fee ae ee 


7 1 
wi) | ee 
Exercise 9 
A certain function «(t) is known to take the form 
x(t) = (Acos2t+ Bsint)e', 
where A and B are constants. If x(0) = 2 and #(0) = 1, find the values of A and B. 
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Exercise 10 


Consider the equation 
2 
v1 
5 log, ai atte 


(i) Find the value of the constant c if v= 2 when t = 0. 


(ii) For the value of the constant c found in part (i), re-express the equation in a form whose 
subject is v. 


Exercise 11 

Find the values of the constants A and ¢ (where A > 0 and 0 < ¢ < 2m) such that 
cos 0 + 2sin@ = Acos(@+ ¢) 

for all @. 


Exercise 12 


‘The passage of light through a lens (as in one eye-piece of a pair of spectacles) is governed by 
the formula 

1 bok 

Rett 
where w is the distance of the object from the lens, v is the distance from the lens of the image 
it forms (as illustrated in Figure 1) and f is a positive constant characteristic of the lens 
(called its focal length). 


Find the position of the object for which the distance between the object and its image is a 
minimum. Further, find this minimum distance in terms of the constant f. 


[Solutions on page 72] 


object 


image 


Figure 1 
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Appendix 1: Solutions to the exercises 


Solutions to the exercises in Section 1 


1. (i) 3(@+3)-7(2—1)=0. 

Multiplying out the brackets, we obtain 
3e+9—Tx+7=0. 

Collecting together like terms gives 
4a + 16 = 0. 


Putting the 2-term and the constant on opposite sides of the 
equation leads to 


4e = 16, 
ie w= =a, 

: Pee: 
OU rer 


Using the first method of Example 1, we obtain 
2(2— 2) = 3(1+2), 
ie 4-—22=3+ 32. 
Hence 
ba 
1 


ie, w=}. 


Alternatively, we collect together all the (non-zero) terms on 
the left-hand side of the equation to give 
2 3 
+e 2-« 
Putting the fractions over a common denominator, we obtain 


G+a@-2 
So1—5x=0, ie. x=}, as before. 


2. (i) Rearranging the equation so that the term 
involving t is on one side of the equation and the other 
terms are on the other side, we have 


Agt? =a0-2. 
So 
ft 


2 _ 2(a0 —2) 
ee 


hence 


Notice that 

e in taking the square root, we have assumed that 
2(ao — x)/g is positive; 

e for each value of x, there are two possible values of t 


because of the + sign, except for x = xo for which there 
is only one, namely t = 0. 


(ii) We first square both sides of the equation, to give 


2-24 
rts 


‘We now rearrange the equation so that the terms involving 
w are on one side of the equation and the other terms are on 
the other side: 


r-2=t(e+3) 
=t2+ 3". 
Hence 
xr-tr=2+3t*, 
ile. 
(1-t?)a =24 38", 
50 


pa 2t3t 
~ t=" 


3. There are various ways of solving the equations; we shall 
give only one. If you have used a different method and 
obtained the same answer, then your working is almost 
certainly correct. The equations are 


Qn —y=3, 

3a +y=2. 
Adding the two equations, we obtain 52 = 5, so that # = 1. 
Substituting this value of x in the first equation gives 
2-—y=43, so that y = —1. Hence the solution is x = 1, 
y=-l. 
Finally, you should check that this answer satisfies the 
original equations. 


4. (i) 2? —5a+4 = (x—1)(@ —4) 

(ii) 4t? — 5t — 6 = (t — 2)(4t + 3) 

(ili) 427 — 25 = (22 — 5)(22 +5) 

(iv) x? — 2axy — 24y? = (x — 6y)(x + dy) 

(v) A®—3A? — 4d = A(? — 84 — 4) = A(A—4)(A +1) 
(vi) wu? —6u+9=(u—3)(u—3) =(u—3)? 


5. (i) 2? -524+6=0. 

Factorizing the expression gives 
( — 2)(@-3) =0. 

Hence either 2 — 


=0orr—3=0. So 
t=) or a=. 

(ii) Rearranging the equation gives 
p" — 10p + 25 = 0, 

ie. (p—5)?= 

So the only solution is 


po 

(iii) 3y? + 8y +4 = 0 gives 
(y+ 2)(3y + 2) = 0. 

So 
y=-2 or y=-3. 
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6. (i) pa Ree EVO 1ST toes 
os —4+ Vi6—16 
ee a 


(iii) As b? — 4ac = 1 — 8 = —7, which is negative, the 
equation has no real solutions. 


(vy) 1= DAVEFE 
I 2 
_ 5+ V37 


2 
~ 0.5414 or —5.541 


7 (i) 2? -42-5 =(2?—4x)—5 
= {(e@- 2)? —4}-5 
=(¢-2)?-9 


(ii) In completed-square form, the equation 
x? — 4x — 5 =0 becomes 


(a — 2)? -9=0, 
or 

(2-2)? = 
Hence 

2—-2=+3, 
80 


w=+3+2=5or-1. 
(iii) 2? — 4x — 5 = (aw — 2)? —9 from above, 


As (x — 2)? is non-negative, the quadratic expression has its 
minimum value when « = 2, and this minimum value is —9. 


8. (i) (a +b)’ =a" + 7a°b + 210°b? + 35a*b* 
+ 35a°b* + 2107b° + Tab? + b7 

(ii) ‘The required row of Pascal’s triangle is the next one 
after those shown on page 9, which is 

1 8 28 56 70 56 28 8 1. 
So 

(a +b)* =a® +8a"b + 280°? + 56a°b° + 70a"b* + 56a°b° 

+ 28ab° + Bab" + b°, 


9. (i) Putting a = x, b=~—1 and using the appropriate 
row of Pascal’s triangle gives 


(w@—1)° = 2° +5 x at x (-1) +10 x 2* x (-1)? 
+10 x 2? x (-1)° +5 x x x (-1)*+(-1)° 
= 2° —50* + 102° — 102? + 5x ~ 1, 
(ii) Here we have a = 1, b= —5x and n =4, so 
(1-52) =144 x (—5x) + 6 x (—52)? 
+4 x (-52)* + (-5er)* 
= 1-202 +1502" — 5002° + 6252. 
(iii) Here we have a = 3, b= 4e and n = 3, so 
(3 +4a)* = 3° +3 x 3? x (4x) +3 x 3 x (40)* + (4r)* 
= 27 + 1082 + 1442” + 6425. 
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10. (i) 5!=5x4x3x2x1=120 
(ii) 71=7x 6x 5! = 5040 
6! 6x5x4x3x2x1 
Ae: z 
(it) “Cs = 36-3 = x2x1)x@xIxI) 
6x5x4 
sxe eo 
20 20! 
() a= sa 


_ 20x 19 x 18 x 17 x 16 X++-x3x2%*1 
~ (2% 1) x (8x 17x 16x:--x3x2%1) 
_ 20x19 _ 


2x1 ae 
11, (i) We have 
nt NX X (N=7) x XBKQXI 


(hr)! (w—r)x(n—-r—1) x xBxX2R1 
=nx(n—-1)x---x(n-—r+)), 


so 
ye ee r+1) 
"rin! orx(r M2el 
(ii) "=Fean 
9G, = BX (Ht) 4 
Cn = a = ann 1) 
207, — 20% 19x18 _ Pa 
(iii) Cs = TxOxL 720% 19x 3 = 1140 
12. (i) Fora > 1, a" isa positive, rapidly increasing 
function of n, 
vA 
10: x 
94 
4 
74 
x 
64 
5 
3 
2 “ a>l 


(ii) For a=1, a" =1 for all n, 


1 we 
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(iii) For 0 < a <1, a” is a positive, decreasing function of (vii) For a < —1, a” alternates in sign but its magnitude 
n which tends to zero for large n. gets larger and larger with increasing n. 

y 

10 x 

8 

6 

x 
44 
x 
a a<-l 


in@ Sey ee GE. 
Oo} 12345678Rn 


x 
(iv) For a = 0, a” is always equal to zero. 24 Z 
be | x 
-64 
4 
x 
-s4 
(v) For —1 <a <0, a” alternates in sign but its 3 - 
magnitude tends to zero for large n. BiGh Sihs 
= 
4 N 
a ie 
04 ee er (ii) YEP (Note that 1° = 1.) 
= 


= 
Note that we could have used any symbol instead of r in all 
these answers, apart from the symbols N in part (ii) and x 
in parts (iv) and (v). Also note the use of (—1)" in part (v) 
for a series whose terms alternate in sign. 


14, Initially there is 1 person in the chain, its initiator. 
After the first posting, there are an additional 5 people in 
(vi) For a= —1, a” is equal to 1 for’even n and —1 for the chain. 
odd n. After the second set of postings, there are an additional 
5 x 5 = 5 people in the chain. 
After the third set of postings, there are an additional 
5 x 5? = 5° people in the chain. 
So after the nth set of postings, there are an additional 5” 
people in the chain. Hence after 10 sets of postings, the 
total number of people in the chain is 


1(1—51) 
1-5 


15457 +59 4-0 $50 = = 12207031, 


where we have used the formula for the sum of a geometric 
series with first term a = 1, common ratio 2 = 5 and 
number of terms n = 11. 
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15. The first term is a= 1 and the common ratio is « = }. 
So the sum of the infinite geometric series is 


1. (i) (a) dn (b) fe (ec) Sr 


(d) 4m (e) 2m 

(ii) (a) 45° (b) 60° = (c) 120° 
(d) 180° (e) 270° 

2. (i) wit= av 

i a es ee 
(11); soeeo (=4) = sin(-}m) —sindn 
(iii) cos fr =~ cos f= =F 


a 
3. 0= 4 or bx. 


=sind 


Figure 1 


4. (i) arceost=4n (ii) arctan 
(iii) arccos(—}) = 2% (iv) arctan(—1) 


5. We know cos? @ = 1—sin?@ = 1-2, so 
cos @ = +y/1 — 23. 


But since @ is an acute angle, we conclude that 


cos 0 = +/1— 23, 


sind _ 


tan@= ae vos 


so 


We can, alternatively, derive these results by using the 
right-angled triangle in Figure 2. 


Figure 2 


6. We know sin(a ~ 8) = sin arcos 8 — cos asin B, 80 
sin(}m — jm) = sin }rcos jm — cos }msin tm 


BS AN 
=—x—>=-5xs, 
apa) tr 

ie. sin dr = vit 


7. We know sin(a + 8) = sin a cos 3 + cos asin B, so 
sin(a +a) 

ie. sin2a = 2sinacosa. 

Similarly, cos(a@ + 8) = cos a cos 3 — sin asin B, s0 
cos(a + a) = cosacosa — sinasina, 


sin a cos a + cosasina, 


ie, cos 2a = cos’ a —sin? a, (1) 
Using the identity sin? a = 1 — cos? @ in Equation (1), we 
obtain 

cos 2a = cos* a — (1 — cos’ a) 

= 2cos*a—1. 

Similarly, substituting cos? a = 1 — sin* a in Equation (1) 
leads to 

cos 2a = 1 — 2sin* a. 


8. We have cos 2a = 1 —2sin? a, i.e. 


sin? 


a= 4(1—cos 2a). 


Hence 


9. Putting @ = 2a in the formula for sin(a +), we obtain 
sin 3a = sin.acos 2a + cosasin 2a. 

But cos 2a = 1 — 2sin* a and sin 2a = 2sinacosa, so 

(sina) x (1 —2sin? a) + (cosa) x (2sinacosa) 


sin 3 
= sina — 2sin® a + 2sinacos’ a 
= sina — 2sin* a + 2sina(1—sin* a) 
= 3sina —4sin* a. 
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Solutions to the exercises in Section 3 


1. (i) f'(w) =2cose—sinz 

ny pe ee 

Qi) 2" - gaa ae 

(iii) v'(0) = sec? 0 + sec O tan 0 = sec (sec @ + tan 8) 
(iv) @=2t-+2¢" 


(v) ee 
(vi) WY 3sec? t—2cost, 


80 Ai) =30ct0—2a00-=3-2=1 


fi(t)=2cost, f"(t) = f'"(t) = —2cost, 
f(t) =2sint, f(t) =2cost, f(t) = —2sint. 


So f()(4n) = —2sin(tm) = -2//2 = -v2. 


—2sint, 


2. There are two different methods of solution, depending 
on whether you use the function or Leibniz notation. In the 
solutions below, we shall alternate the approaches. However, 
we advise you to stick to one method, choosing the one 
which is most familiar to you, 


(i) Here y=sinu, where u = 2x + $m, 


dy du 
So 77, = cosu = cos (2x -+ 3m) and 7 = 2. 
Hence 

ay ean rt 

ae = dude 7208 (22+ in). 


(ii) Here s = f(g(t)), where f(u) =e" and g(t) = 5t. 
So f’(u) =e" and g/(t) =5. 
Hence 
& = p(a(d)o') = 
(iii) Here y = arcsinu, where u = 5x. 
dy 1 1 du 


(e%) x (5) = 5e” 


Sole Vimar ies mep creat yh 
Hence 

dy_dydu_ 

de dude VJi—2527" 


(iv) Here z= f(9(x)), where f(y) = y? and g(a) = 327 +1, 
So f'(y) = 3y? and g(x) = 62. 
Hence 
= f'(9(2))9'(z) 
= {3(3x? + 1)?} x {6x} 
= 182(327 + 1)?. 
(v) Here z = log, u, where u = y’ + 1. 


dz_1 
So = = 
Hence 
e _dzdu_ _3y? 


~dudy y+1" 
ee Here y = f(9(z)), where S(z) = 2"? and 
g(x) =4—27 
So f'(z) = 4z pin and g/(a) = —2e. 
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Hence 
B= H((2))9'(2) 
= {4(4-07)-?} x {-22} 


3. (i) | Using the product rule, 
a = (1)(sint) + (¢)(cost) = sint +t cost. 


(ii) Using the quotient rule, 
du _ (cos6)(cos@) — (sin 0)(—sin @) 
do” (cos 4)? 
ae ae 
= Sarg = 80078 
using the trigonometric identity sin? @ + cos @ = 1. 


[Note; As sin@/cos@ = tan 0, we could have obtained this 
result by using the table of standard derivatives.] 


(iii) Using the chain rule and the quotient rule, 
fey (ee i ()(2* +1) = (@)(22) 
ot = see (355) ton (aq) * (cP +1)? 
1-2 @ x 
~ (2? +1)? or (a) ™ (ee i : 
(iv) Using the chain rule and the product rule, 
)(sine) + (t)(cos t)} 
= (sin t + tcost) cos(t sin t). 
(v) Using the product rule and the chain rule, 


dx 
Gp = costtsint) x {(1 


= = (cosy e”¥)(tan y) + (e%¥)(sec* y) 


= (siny + sec? y)e 
using tany = siny/ cosy, 


siny 


4. (i) (a) = (com(a’)) x (22) 


(b) ay = (cos(x* +1)) x (327) 
(c) # = (cos(e*)) x (e*) 


Tn parts (a) to (c) the functions were all composite 
functions, namely the sine of an inner function. In all cases 
the derivative was the cosine of the inner function times the 
derivative of the inner function. 
(ii) When we find the derivative of y = sin(u(z)), the 
answer will also satisfy the above pattern, So 

wu = coa(u(z)) x wu 
5. (i) | Using the chain rule for differentiating a ‘function 
ofa Haare, 


ady _ dy 
eW=5 4 ty tad ae 
i) A etany) = (tay) fe = see? yt 
i) Zoe, v) = Foe») $2 = 25 


Civ) 2 (loge(siny)) = $ (loge(siny)) St 


_cosydy_ dy 
= any de Ve 
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(v) Here we have to use - product rule: 


Dy ay Lat es 2 dy 
Sern =vd er) +2 = Pid 


wi) Zore)=P e+e 20%) 


aye? et L(y 
ave tea 
= yet + ayer 
wie + 2ye 


(vii) © (sin(a? + u2)) = cosa? + vee +9") 


= cos(a? + y?) (22 +2yit) 


=2(e+ vit) cos(2? + y?) 


6. (i) 
@ gives 
y=tty/8- 27. 
The two signs correspond to the curve in the upper and 
lower half-planes, there being two possible values of y for 
any value of « in the range ~V8 < x < 8, We are 
interested in the point (2,1), which is in the upper 
half-plane and so is on the curve 


y=iVe—a. 


Solving the equation of the ellipse for y in terms of 


Hence a 
dx 2/8 =a? 
So the slope of the tangent to the curve at the point (2,1) is 
dy 2 1 


de") = “yeaa 3" 


(ii) Differentiating x? + 4y? = 8 implicitly gives 


dy _ 
2r+ 8uae =0, 
dy 
de ay" 
So at the point (2,1), 
dy_ 2 _ 1 
Feed iia 
which agrees with the answer obtained in part (i). 


ie. 


7. Using implicit differentiation, 


dy dy 
2 a 
3a? + Qay + 2? 4 de +3 ae a= 
dy _ val + 2ay 
Hence ao ae 


So at the point (—1,1), the slope of the tangent to the 


8, In this solution we shall use Leibniz notation, rather than 
the function notation used in the solution to Example 2. 
y = 20 — 32? — 122 +6, 


dy _ &. 
5 6x* —6r—12 and = 122-6. 


At stationary points, 4 = 0, so 

627 — 6x —12=0, 
ie a? -2-2=0, or (e@+1)(2—-2)= 
Thus x = —1 or 2 = 2. 


When x =—1, 
a 
Sop = 12x (-1) ~ 6 = negative 


and y=2x(-1)5—3 x (—1)? -12x (-1)+6= 
So the stationary point (—1, 13) is a local maximum, 


When x = 2, 
dy rv 
Gat = 12* 2-6 = positive 
and y=2x2°-3x2?-12x2+6=-14. 


Therefore the stationary point (2,—14) is a local minimum. 


9. (i) 
60 — 2x 
Figure 1 
~~ ; 
60 — 2x 
Figure 2 


As shown in Figures 1 and 2, the volume of the box in cm? is 


v = «(60 — 2x)? 
= 36002 — 2402? + 42°. 
Note that for physical reasons, we need to restrict the 
domain of this function to 0 < « < 30. 


(ii) Now 2 = 3600 — 4802 + 1227 = 12(10 — x)(30 — 2) 


ee 
and wen 480 + 24x, 


ER wtattonacy polite” = O,whlatlende top = AD or 
«= 30, ie 


When x = 10, 
oe 
= —480 + 24 x 10 = negative, 


which means that this is a local maximum, whose value is 
v = 10(60 — 2 x 10)? = 16000. 
When x = 30, 
Pv _ _ 480 +24 x 90 = posit 
gt = ~ 180 + 24 x 30 = positive, 
which means that this is a local minimum. 
At the two end-points of the domain, x = 0 and x = 30, we 
have v = 0. 
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So the maximum volume occurs when z = 10 and its value is 
16000cm*. 


Alternatively, we could argue that at the two end-points of 
the domain, x = 0 and x = 30, we have v = 0, Within the 
physical domain the volume v is positive. As there is only 
one stationary point in this region, namely at x = 10, this 
stationary point must be a maximum. 


Solutions to the exercises in Section 4 


1. (i) Using the standard integral 
[covarte =tsinaz +C 


from the first table of integrals in Subsection 7.1 of the 
Handbook with a = 2, we obtain 


[cede dsin 2x +C. 


In your prerequisite course, it may not have been the 
practice to include a constant of integration C in indefinite 
integrals. However, we shall do so in this course. 


(ii) Using the standard integral 


1 2 
— + — de = aresin = + 
/ ap a = asin = + 


with a = 3 leads to 


1 . 
ast dx = arcsin $x + C. 

(iii) ‘The second table of integrals in Subsection 7.1 of the 
Handbook contains the formula 


a 
2 — ade = S aresin= + 5 /a?— a? +0. 


Hence 


: 
/ ined 
- 
= [Parcsin $2 + beV/4— a 
-1 


= (2aresin + 4/3) — (2arcsin(—4) — $ V3) 
= (m+ 3V3) — (—}2— 3V3) 
= 3n+V3. 


(iv) As 2243 >0 for all = in the interval of integration 
0 <= <1, we use the standard integral 


1 
ar+b 


with a = 2, b = 3, and the variable x replaced by the 
variable z, to obtain 


1 
1 neanee a 
i eazy & = [Flow (22 +3)]) 


= }log,5 — }log,3 


= Hog,(a +b) +C for ar+b>0 


= jog, §. 
(v) Using the standard integral 


‘ ee, 
sin? ax dx = La — qq sinter +C 


from the third table of integrals gives 
[oo 30.d0 = 40 — +; sin60+C. 
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2. (i) My first guess is sin(2x + 3). However, 


A (sin(2n +3)) = 2eos(22 +3), 


so my corrected guess is F(x) = }sin(2x + 3). Finally, I 
check that 


ia 
(4 Sin(2x + 3) = cos(22 +3). 
Hence [coe +3)dz = 4sin(2x+3)+C. 


(ii) My first guess is e”, However, 


(0?) — oat? 
ale") = ane", 


so I adjust my guess to F(x) = } 
(hye) 2 
& (fe7) = 20", 

as required, so that I can conclude that 


| ae" dz = te" +C. 


. Finally, I check that 


(iii) My initial guess is (x° + 1)*. However, 
Gina & ayhy co jetta eae 
og ((2* + 1)*) = 120(a* + 1°, 
so I adjust my guess to F(z) = 4,(2* +1)‘. I check that 
d 3 
a (4 (2° +1)*) = 27(e* + 1)°, 
which means that 
[ee +1)°de = 4 (x? +1)' +0, 


(iv) Concentrating on the function (2? — 1)'/? in the 


integrand and recalling the standard integral 
sae 
/ a" de = aa +C, 


my initial guess is (2? — 1)*/?. However, 


A ((@? = 19°) = 3e(e? 1)", 


so I adjust my guess to F(z) = 4(x? — 1)*/?. Finally, I check 


that 

d 

gg (= — 1°") = a(e*— 1)", 
and conclude that 


[eve = Ide = }(* -1)°7 +0, 


5, s0 that o = 22, or du = ede. 


3. (i) Letu= 
Hence 


[uw — 5)" dr = fe —5)"(2xdx) 


: 
= fan 


=}u'+o 
= d(*-5)* +0. 
a 


(ii) Let u = 1-17, so that 
Hence 


[tee-3f (Ga) cm 


ju 
Se = 2, or du = —2t dt 


log,u+C (since u > 0) 
4 log.(1-t?) +C. 
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(Ci) bee De Lan ery emer Pa 


dz 
Hence 


[eo-ste = -+fa — 2*)8(—4z° dz) 


=-3 [saw 
=-Au't+c 
=-d0-2*)'+0. 


(iv) Let u=a2+1, ie, x=u—1, so that dr = du. 
When @ = 0,u=1, base"? Hence 


(A 2(e+1)'/9 de = ie (u=1)ul/3 du 


= [wr u') du 


= [pur a + Cina 
(3 x 37/3 _ x at) 
ie xl hx 14) 
3x 128-416-343 
= 435. 
(v) We use the trigonometric substitution 


i] 


= 2tanu. 


= 2sec* u and da = 2sec* udu. 


1 1 ; 2 
| aie Rover tone mae 
= f 288 ay 
~ J 16 sect u 
1 
=1 fae 
= 4 feos? wae 


= a + cos 2u) du 


+ gsin2u+C 
ut jsinucosu+C 
arctan(4@) 
sin(arctan(42)) cos(arctan(4)) +C 


=i 
a8 


2 
tan(d: ee ey, 
arctan(3x) + 7% ave at + 
warm te 
where we have used the right-angled triangle in Figure 1 to 
simplify sin(arctan(4:)) and cos(arctan(4z)). 
Tn fact, this result is true for all x, not just positive x, as can 
be verified by differentiation. 


= ig arctan( 52) + aay 


Vit ct 


Figure 1 
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(vi) Let w= —1, which can be written as = u+ 1. So 


dx = du. 
When 2 = 1, u=0, and when 2 =2, u=1. 
Hence 


22 
its aVe—Ide = ii (ut 1)u/? du 


FA 
a if (u/? + u"/?) du 
0 


2,,5/2 , 2,,3/2])"=1 
gue? + $u2/?) 


4, (i) 
u=log,2 and 


du_ ii 
SO ais 


Substituting in the formula 


dv du 
[odjtome- ft 


we have 
J toe 2de = tog, 2) (32°) — f (§2") (2) ae 


Sut ogre = 3 f eae 

= $x" log. 2 - j27+C 

= 42°(2log,2-1) +. 
(il) We choose 


Using the priority list given in the text, we choose 


and v= ta, 


u 


du a 
So Prieta and v=e*. 


Substituting in the formula 


dv dy 
pane flee 


gives 


[re dz = ze" — 2 fs da. (1) 


To evaluate | ze* da we use integration by parts for a 
second time. This time we take 


Yat 
Qe 


u=e and 


Ta thin case weheve SY = andy = er. 
de 


So integration by parts gives 


[rcacmset— [ede 


=me"-e* +C. 
Substituting this in Equation (1) gives 


[rea = a7" — 2(re* —e* + C) 


= (a? — 20 +2)e"+C", 
where O” = -2C. 


(iii) Using the hint in the question, we take 


So a1. 


u=log.2 and 


and v=2. 
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The formula 


dv du 
[oQeqw- [oBe 


leads to 


J roeexde=atog,2~ fe) (2) de 
= slog, f ide 


log. -2+C 
=a (log,2—1)+C. 


5. If we set 
dy 
use* and  =sinz, 
da 
we have 
du_ os 
Hee and v=—cosz. 
dx 


So substituting in the formula 
dv du 
[Bann feSe 
we obtain 
I [esineas= -e cos + fet cose (2) 


We now use integration by parts for a second time, for the 
integral [ e* cosrdz, We take 


dv 


u=e" and —=cosa, 
da 
du * 
—=e* and v=sing. 
dx 
Hence 


[conde =e" sina — esncae 

Substituting this result in Equation (2) gives 
[esinzae =-e" cosa +e" sinz — [esnear +0, 

ie. [= -e*cosa+e*sinz—-I+C. 

Hence 2/ = e*(sinz —cosx)+C, 

ie. I= he(sina—cosx)+C’, 

where C'= 40. 

6. In the integration by parts formula we take 


u=x and oe nea 
dx 


and v= —}cos2r. 


Substituting in the formula 


5 D 
dv nab du 
‘i wie de = [we], - f vi 


gives 


[2 mn /2 
[ asin 2r dx = [-}rrcos2z] rf cos 2x dr 
0 0 


=n /2 


= —imcos m+ } [isin 22] 


4m + $(}sinm — } sin0) 


7. (i) p= [eae (as 2° =1) 
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(ii) In the integration by parts formula we take 


dvs 
Se. 


dx 


u=a" and 


Therefore a =nz""* and 


Substituting in the formula 


(iii) Using the result of part (ii) repeatedly, we have 
In = nIn—1 
=n(n—1)In-a 
=n(n~1)(n~2)In-s 


=n(n—1)(n—2)...3.2.1 Io 
=n(n—1)(n—2)...3.2.1, 
as we showed that Jo = 1 in part (i). Hence 
I, 


nl 
for n = 1,2,3,.... (As 0! = 1, this result is also true for 
n=0.) 


Solutions to the exercises in Section 5 


1. (i) 2e@+3y=3. 

When x = 0 we have 3y = 3, i.e. y= 1. So the y-intercept 

is 1. Similarly, when y = 0 we have 2x = 3, ie. ¢ = }. Hence 
the x-intercept is }. Using these two intercepts we can draw 
the graph of the straight line. This is shown in Figure 1. 


vh 


Figure 1 


‘This method of drawing the graph of a straight line by 
finding the two intercepts is usually the most convenient. 
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(i) y= ga. 

This straight line obviously passes through the origin. So we 
can not use intercepts to draw the graph of the line. Instead, 
we need one further point on the line, and one such is (2, 1). 
So the graph of the straight line is as shown in Figure 2. 


” 
2 


Figure 2 


2. We write the equation of the straight line as 
y=mr+e. 

We are told that the slope is -2, so m = —2. 

Also, the point (1,1) lies on the line, hence 
1=-2x1+e, 

ie. ¢= 


So the equation of the straight line is 
y= -22+3. 


3. (i) ‘The curve y = sina oscillates in the range 

—1 <y <1 and crosses the x-axis at «= 0, +7, 2m, 0... 
So the graph of y = 2sin 3x oscillates in the range 

2S VS ae eens een oss 0, tr, E2m, 
i 0, +4, 2m, .... Hence the graph is as sketched in 
Figure 3. 


Figure 3 Sketch of the curve y = 2sin 32. 


(ii) The graph of y = cos oscillates in the range 
—1 <y <1 and crosses the x-axis at 

$m, t30,487,.... Hence the graph of y = e*/8 cosa 
oscillates in the range —e*/® < y < ¢*/* and crosses the 
x-axis at «= +}m,+$7,+$7. So the sketch of the graph is 
as shown in Figure 4. 


2/8 
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y= eB eo57 


Figure 4 Sketch of the curve y = e*/* cos, 


4. When x =0, y = 6, and so the graph of 

y = 22° — 32? — 12 + 6 crosses the y-axis at (0,6). When 
y =0, 20° — 32” — 12¢ +6 =0. It is not easy to solve this 
cubic equation and so find where the graph crosses the 
a-axis, 


For large «, we have y ~ 2x°. So when z is large and 
positive, y is also large and positive, and when < is large and 
negative, y is also large and negative. 

The function is defined for all values of x. 

Using the solution to Exercise 8 of Subsection 3.4, the 
function has a local maximum at (—1,13) and a local 
minimum at (2,—14). 

Collecting together the above information, we arrive at the 
sketch of the graph shown in Figure 5. 


vA 


Figure 5 Sketch of the curve y = 2a° — 3x? — 12¢ +6. 


(Incidentally, we can conclude from the sketch that the 
graph must cross the w-axis at three points: one to the left 
of —1, one between —1 and 2, and one to the right of 2.) 


5. When x = 0, y = 0, and so the graph crosses the y-axis 
at the origin. When y = 0, x = 0, and so the curve crosses 
the x-axis only at the origin. 


For large x, 
xc 1 
~5=-~20. 
* a x 
When 2 is large and positive, y is small and positive, 
whereas when x is large and negative, y is small and 
negative. 
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The function is undefined when x = 1. When z is just less 
than 1, y is large and positive, and when a is just greater 
than 1, y is also large and positive. 
To find the stationary points of the function, we have 
— {UH(@ = 1)*} = {z}H2@ - D} 

(x-1)* 


1){(w — 1) ~ 22} 
(e-1)* 
seek 
~~ @= 


At stationary points, % = 0, which leads to = —1. At 


x =—1, y=—}. For this function, it is probably easier to 
use the first derivative test to classify the stationary point, 
rather than the second derivative test. For « just less than 


-1, a is negative. For x just greater than —1, # is 
positive, So the function has a local minimum at (—1,—}). 


Collecting together all the above information, the sketch of 
the graph is as shown in Figure 6. 


a’ 


Figure 6 Sketch of the curve y = Go 


6. (i) The third decimal digit is 4, and so —136.524 8635 
correct to two decimal places is —136.52. 


(ii) The fifth decimal digit is 6, and so —136.5248635 
correct to four decimal places is —136.5249. 


(iii) The seventh decimal digit is 5, and so —136.5248635 
correct to six decimal places is —136.524864. Note that here 
the original number is as close to —136,524 863 as it is to our 
approximation, —136.524 864. However, our rule for 
rounding is unambiguous in specifying the rounded 
approximation. 

(iv) To round to the nearest whole number, we need to 
look at the first decimal digit, which is 5. So —136.524 8635 
is —137 to the nearest whole number: 


7. My calculator gives the value of m as 3.141592654, which 
is correct to nine decimal places. So to four decimal places 
the value of x is 3.1416 and the error in this approximation 
is 0.000007 to six decimal places. 


8. (i) To four significant figures, the approximation is 
325 000 with an error of 39. Note that from the form 325000 
it is impossible to deduce that this approximation is correct 
to four significant figures, as the fourth digit is 0. If we 
wished to make this clear, we could rewrite it using scientific 
notation as 3.250 x 10°. 
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(ii) To four significant figures, the approximation is 
0.001 743 with an error of —0,000 000 498. 


(iii) To four significant figures, the approximation is 
—6.598 x 10~* with an error of 3.74 x 10717, 


0 
Figure 7 


(ii) The plot of the height, h, of the bag against the 
number, n, of coins is shown by the crosses in Figure 7. The 
figure also includes my ‘by eye’ ‘best’ linear fit to the data, 
(iii) The estimate of the height of the bag before it 
contains any coins is the y-intercept of the ‘best’ fit line, 
which in my case is 

c= 1.78 (metres). 
(iv) Two points on my line (corresponding to n = 10 and 
n = 20) are (10, 1.35) and (20,0.92). So an increase of 10 
coins results in a decrease of 1.35 — 0.92 = 0.43 metres in 
the height of the bag above the floor. So the addition of one 
coin results in a decrease in the height of 0.043 metres. 
(v) In part (iii) we found that the y-intercept of the line is 
c = 1.78, whereas in part (iv) we found that the slope of the 
line is m = —0,043. So my ‘best? fit is 

h = —0.043n + 1,78, 


10. (i) To avoid confusion, we denote the data points by 
(wi, ys) (rather than (nj,hi)), and denote the number of data 
points (which is 5 in this case) by N rather than n. We find 
that 


N N 
sy 1% = 75, Sy i = 5.66, 
t= iat 
N 
oF = 1378, Sz = 74.15. 
i i= 


N N 
— ee = as - 
Hence = = ) ai = 15 and G= 77 Dw = 1.192. So 
‘ 
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So the best fit line is 13. In order to write down the nth-order Taylor polynomial 
h = —0,0430n + 1.78 approximation to f(z) about z = 0, we need to evaluate 
ieee pre bereirounded the final aueweratodtrenmiguicant || od id O)ynerad te a(G)iend.d'(0)- 
figures, which is all the experimental data justifies. f(a) = fo = f(0)=1 
(ii) Using the best fit (with ¢ = 1.777), we find that when , “| : 
n= 12 we have h = 1.261. So again rounding to three f'(z) = @=ay => f'(0)=1 
significant figures, the estimate for the height of the bag . 2 é 
above the floor when it contains 12 coins is 1.26 metres. DBi= Gays = f"(0)=2 
ry eee 119) = 3! 
M@O=q-= Gee PM O)=9 
24 4! 
(8) (op) = =, (4)(9) = 
un L(x) G=1" Gace F"(0) = 4 
dx . 
Hence the slope of the tangent to the curve at x = 0 is . 4 
dy 
=) =1, e -1)! ae 
anon Kona) = B= = s-(0)=(n-0)! 
‘The equation of the tangent is therefore of the form & 
y=rte f° (@)= Ga ayet => f(y =n! 
In order to find the constant, we note that the tangent So the inate Taylor Polynomial approximation about 
passes through the point (0, y(0)), ie. (0,1). Hence panto Me tinction y(n is 
1=0+¢, fi % D (n) 
ie c=. pale) = 100)+ Ln + Ot 4 LD a8 4... 4 LO 0 
; metab 
pip eae of the tangent to the curve y= e* at r=0 = An - tee 4s", 
y=rth 
14. In order to find the Taylor series about, 2 = 0 for the 
function f(a) = sin, we need to evaluate f(0), and f(")(0) 
for n= 1,2,3,... 
12. (i) > f(0)=1 a 
=> $'(0) ag 
> 7"0)= sf 
= "0 = 
(4), om 
= “i my \e)=ene = 
(ii) pa(z)= aot are+are* + ase" = ps(0) = a0 ‘The above pattern of derivatives now repeats itself, and so 
pa(x) = a + 2aom + Bayz’ => ps(0) = a1 we have 
s(x) = 2a + base => ps(0) = 2az Gy hve BRO 5s 
ps’ (x) = Bag => pht'(0) = Gas f(0) = { 1, n=1,5,9)..., 
So the conditions ps(0) = f(0), ps(0) = f'(0), ps (0) = #”"(0) -1, n=3,7%,11,.... 
and ps'(0) = f"(0) lead to So the Taylor series about x = 0 for the function 
ao=1, a =1, a2=4 and ag=} f(x) = sin is 
ee, i Rae 0 m 
respectively. So the sie sparse is 70) + £, £0), +f, ) 2 4 £00) ao A rae 
ps(x) =1+0+ 42° + 22°. a ‘ 
(iii) a(x) = a0 + aya + ane? tase tact => =n x7 + a” - 1 eres 
a(x) =a) + 2azr + 3asz* + 4aaz” > 
Pii(a) = 2a + Gasz + 12042” > 
mn n 
Pi (x) = 6as + 24aaz = pill'(0) =6as Ee a : 7 
no reer S (0) =24a, oa Replacing x by — in the Taylor series for e”, we 
Hence ae conditions ps(0) = (0), p4(0) = f'(0), 
P40) = $"(0), pi"(0) = F'"(0) and ph?(0) = F°(0) lead to 
M=1, a=1, a=, ay=} and a =X ieee 


eterno 
(ii) Replacing 2 by —2z in the ‘Taylor series for 
log, (1+ «), we obtain 


respectively. Therefore the quartic approximation is 
pale) =14+a+4 427+ 12° + dat 
In order to see the pattern to these polynomial 


DAS) yaa 
approximations, it as better to, write them in the form Aes ieate Ven (an a= as + (2a)? _ (2) 


a a me 
BEE Vere pee 
ps(z) = 1+ Get ge + He = —22 — 42” oye teat, 
and pa(z)=14 jet pe t+ fa + fot. ‘We have not performed any cancellations in the coefficients 


as this would destroy their pattern. 
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(iii) Replacing x by x” in the Taylor series about x = 0 for 
sin x gives 


sing? = 27 — 
So 
* ai Qt 
Sale game gee : 
asing’ =2°— +4 ay + 
16. (i) To find the Taylor series about xr = 1 for the 


function f(«) 


log, «, we need to evaluate f(1), and f(1) 
for n = 1,2,3,.... 


> fa)=0 
= fa) =2 
= f(y=-1 


= smay=2 
=> fa) =-a! 


= f®ay=4! 


Hence the Taylor series about « = 1 is 
/ ” 
log, « = f(1) + LO —1)+ CMe =)? 


+ rOe- e+e 
= (e-1)— d(@-1)? + H(@- 1)? - 4@-1)* +++. 

In fact, this Taylor series is valid only for 0 < a < 2. There 

is no prior way that you could predict this, although you 

should have realized that it was not valid for a <0, as log, x 

is not defined in this range. 


An alternative approach would be to replace « by « —1 in 
the (standard) Taylor series about « = 0 for log,(1 + #). 


(ii) Putting x = 1.1 in the above Taylor series, and 
working to 6 decimal places, we have 
log,(1-1) = 0.1 — ge ODEO 
= 0.1 — 0.005 + 0.000333 — 0,000 025 + 0.000002 
= 0,095 310, 
So to 4 decimal places, 
log, 1.1 = 0.0953, 


In the above, we have worked throughout to 6 (= 4 +2) 
decimal places, as our final answer was required to 4 decimal 
places. We ignored all terms in the Taylor series beyond 
n=5, as these were smaller than this accuracy requires. 


Solutions to the exercises in Section 6 


1. The equation can be written in the form 
x‘ — 277-8 =0, 

which can be factorized to obtain 
(a? — 4)(x? +2) =0. 


Hence 2? = 4 or «* = —2. As x” is non-negative, we can 
discount the second possibility. Therefore 
2 
2? =4, 


—2, 


ie. 2=2orr 
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aan 
GS eae 


f, n! aera 

Caer (n=—r)'(n—(n—r))!  (n—r)!r! 

(ii) The above formula describes algebraically the fact 
that Pascal’s triangle is symmetric about the vertical. 


(48) °° Com = °C 99-2) = Cy = 100% 99 
i 2x1 


="0r. 


= 4950 


3. We use the half-angle formula 
sin @ = 2sin $0cos $0, 

In order to express this in terms of t = tan 46, we recall that 
sec’ 10=1+tan*$0=1+¢7. 

So 
sin = 2sin 40cos 40 


=2x tan $0 x 


sec? 30 


1 
2 
2 rt 
Ee 
Similarly, 


cos 0 = 2cos* 40-1 


140 


Finally, 


tand 


4. We can express the equation purely in terms of tan@ by 
using the identity 
sec? @ = 1+ tan” 0. 
‘The equation becomes a quadratic equation in tan @, namely 
1+ tan*@=4tand+6 
or tan?@—4tan@—5=0. 
So (tan@—5)(tan@ +1) =0, 
ie. tan@=—lor 5. 
Now tan @ is positive in the first and third quadrants and 
negative in the second and fourth quadrants, so in the range 
0 <@< 2n, tan@ = —1 when 0 = $n and im, and tan® =5 
when @ = arctan 5 (~ 1.373 radians ~ 78.69°) and 
m+ arctan 5 (~ 4.515 radians ~ 258.7°), 


Hence the values of @ in the range 0 < @ < 2x which satisfy 
the equation are 


arctan5, $m, m-+arctan5, fn. 
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5. Suppose 

Paet. 
In order to express z in terms of x, we take logarithms to 
base e of both sides of this equation. Hence 

log. (e*) = log. (2*), 
ie. z=alog.2. 
Hence 

y= 2? = et ee? 
and so 

w = (log, 2)e"!*? = (log, 2)2*. 


A + B___ A(u+2) Bix +1) 
zl 2+2 (@+iet+2) | (@+I@t2) 
_ Ale +2) + Ble +1) 
~ (e+ 1)(@ +2) 
_ (A+B)x + (24 +B) 
(x + 1)(@ + 2) 
(ii) Using the result of part (i), if 
ett <a 
+1" x+2 (2+ 1)(e+2)" 
then 
(A+ B)z+(2A+B)=1 
for all values of x apart from —1 and —2. Comparing the 
coefficients of x on both sides of this equation leads to 
A+B=0, 
whereas a comparison of the constant terms gives 
2A+B=1. 
Solving these simultaneous equations for A and B, we obtain 
A=1 and B=-1. 
Hence 


6. (i) 


1 1 1 


(iii) Using the result of part (ii), 


1 1 1 
femem*-/[che-/ahe 


= log, (e+ 1) —log,(x +2) +C 


+1 
aeat? 


= log, 


7. (i) The function is the ‘function of a function’ 
y=sinu, 
where u=x+a". 
dy _ je 2 du _ 
So au 8 =cos(z+2*) and ee 1+ 2x. 
Hence 
dy _ dydu _ 2 
Fe = SESE = (1+ 22) cos(e +27), 


(ii) The function is a sum. The second term of this sum is 
the composite function 


z=u?, 
Where vena, 
86) 2 Soudan end OS cose 
du de 


Hence 
Go 3 5 Gk dedu 3, 
gy sin’) = = = 5 = 2sinwcose. 
Therefore 


A (sing +sin* 2) = cos.x + 2sin.x cost 
= cosa(1 + 2sinz). 
(iii) ‘The function is the ‘function of a function’ 
yosinu, 
When wersine: 


ne du _ 
So $4 =cosu=cos(sinz) and S4 = cosz. 
Hence 

au = wa =cos2c0s(sinz), 


(iv) The function is the ‘function of a function of a 
function’ 
y=sinu, 


where u=sinv and v=sinz. 


So Y = cosu = cos(sin v) = cos(sin(sinx)), 


dj 
du 
 =cosv=cos(sinz) and 5 =cosz. 


dy 
dx 


de du do de 7 (087 s(sin x) cos(sin(sin x)), 


(v) The function is a quotient, so 
dy _ (1)(1+2*) —(1+2)(20) 
dz —S*éC« PP! 

_ (1+24) - (2x + 22? 
z (1+ 27)? 
1-22 -2? 
(vi) The function is the triple product y = uvw, where 


u=l+¢2", v= and w=sin3x, 


dv dw 
oe 22, = ae = 3cos 3x. 
The formula for the derivative of a triple product is 
BY ay tt # yy 
aa Sar ha ew 
= (e~*)(sin 3z)(2x) + (1 + «°)(sin3x)(—e~") 
+ (1+27)(e~*)(3.cos 3x) 


= (-1+ 2x —2?)e™* sin 3x + 3(1 + 2”)e™* cos 3x. 


So and 


€ 


8. (i) [sted [(cte-nde=tane-2+0 


(ii) In order to evaluate the integral we use the 
substitution 


1+z. 


u 


Sor u—1and $4 = 1, oF du=de, Hence 


[e-fte 
= [ (0-2) a 


—log,u+C 
=(1+2)—log.(1+2)+C 
=a—log(1+2)+C', 

C=C+1. 


where 


3 
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An alternative approach is to re-express the integrand as 
follows: 
£2 _ (G+) 
l+a ac i+ 


—log, (1 +2) +, 


(iii) My first thought was to try the substitution 
u=1+.%, but this did not seem to help! In my second 
attempt, I used the substitution 


a =tanu. 


So SF = sect u, ie. dx = sec? udu. Hence 


tan? u 
[i ~ [ora uae) 
-{= ies 4 de 
secu 
= [wate 
= [oot 1a 


=tanu-u+C 
=e—arctane +C. 


Alternatively, we could rewrite the integrand in a similar 
way to the method used in part (ii): 


2? (1407) -1 
[Ge- ere 


-{(-is)« 


=a—arctane +C. 


(iv) In order to evaluate the integral we use the 
substitution 


u=1+e". 


So o Set fie, dus eds. Hence 


[e-/ (Gees 


=log,u+C 
=log,(1+e") +C. 


(v) In order to evaluate the integral we use the 
substitution 


ores! 
$o.4Y 24 teddy. Hence 
2 5 


fad#- | (GE) G4) 
= [iw 


=log,u+C 


= log, (log, ) + C. 


(vi) In order to evaluate the integral we first use the 
substitution 


u=log.2. 
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Bo ee ge arteries 
z z 


dx 
ltt) gp = f ota) (2 ax) 
wlog, © log. \z 


= feet 4, 
Be du, 


Although this integral is simpler, it is still not a standard 
integral, and so we use a second substitution 


v =log, u. 


soft =F tie, du = Seis, Hence 
duu a 


[tau= fon. (Ea) 
= [va 


=}v7+C 
= i (log, u)? +. 
Therefore 
[sey log, (log, 2) dex [PY ay 
a log, («) u 
= }(log, uJ? +C 
= 3(log_(log, 2))? + €. 


(vii) In order to eliminate the square root, we use the 
substitution 


ut=l+e" 
(rather than u = 1 + e*). So, using implicit differentiation, 

aug =e? =u? —1, 

Qu 
hence dz = "> du. 
Therefore 
1 
lye vi+ =hi em f £( aa - i) 


C. 


Now as u > 1, we can use the standard integral 


| wtae- pest male 


from Subsection 7.1 of the Heo So 
1 


dz = log. suite 


og, VIFZ=1 4 
evita rl 


9. We have x(t) = (Acos 2t + Bsint)e’, so 

4(t) = (-2Asin 2t + Boost)e* + (Acos2t + Bsint)e*. 
‘The conditions x(0) = 2 and #(0) = 1 lead to 

A=2 and A+B=1, 
so the constants are A = 2 and B = -1, ie. 

x(t) = (2cos 2t — sin t)e'. 


ong v?-1 
10. (i) log, Gq = atte. 
To cua ae condition v = 2 when t = 0, we require 
4 Log, 4 a =0+e, 
so c= log, 3. 
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(ii) So we have 
2 
v1 
3 log. rl = gt + 3 log. 3, 


5(v? — 1) 
w+ i 3(v? +1)" 
Taking exponentials of both sides gives 


= 5(v?—1)\ _ 5(v*-1) 
ome (on Sr) PE! 
so 5(v? — 1) = 3(v? + 1)e. 


Collecting together all the terms involving v, 
(5 — 3e7#*)u? = 5 + 3e7#, 


ie. Qgt= ieee —log, 3 = log, 


Hence 
a_ 5+ 3e7# 
v= 5 ser? 
5 + 3e7" 
or v= 


Bean” 
where we have assumed that v is positive. 


11. Acos(@ + ¢) = A(cos 4 cos ¢ — sin @sin d) 
= (Acos $) cos 0 + (—Asin ) sin 0. 

For this to be equal to cos @ + 2sin@ for all values of 0, we 
require 

Acos¢=1 and —Asingd=2. 
We need to solve these two equations for A and ¢. To find 
A, we square and add the two equations to obtain 

A?(cos? p+ sin? p) = 17 +2", 


ie, A? = 5; 
80 A= V6, 
Substituting this value of A into the two equations, we have 
i “ 2 
coop=— and sind=-—, 
i PSs 


As cos ¢@ is positive and sin @ is negative, the angle must 
be in the fourth quadrant. So 


= 2n- ascoos (Je) (~ 5.176 radians ~ 296.57"). 


12. We first use the formula 


gla ea 
fuuty 
to find an expression for v in terms of u and the constant f: 
ee 
wee we ust 
pa 
80 Li haa 


We can assume that the distance of the object from the lens 
is positive, i.e. u > 0. However, note that for some values of 
u, namely u < f, v is negative. This just means that the 
object and its image are on the same side of the lens (such 
an image is called a virtual image). Also, if u = f, the image 
is at infinity. 
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The distance between the object and its image is 
y=ut+e 
uf 
u=f 
— wus Stuf 
tee 
_u((u=f) +S) 
ae 


Pr 


u-f 
In fact, this formula is valid only for u > f, as distances are 
taken to be positive. For u < f, the correct formula is 
at 
age oa 
Summarizing, the distance between object and image is 


» O<uc<f, 


en oy 


Consider first the case u > f: 


ly _ (2u)(u — f) — (u*)(1) 


du u- iP 
_ u@u=f) =u) 
(u= fP 
_ u(u—2f) 
“uf 


In the region 0 < u < f, the derivative is the negative of this. 
The derivative is equal to zero when u = 0 and u = 2f, We 
can discount the possibility u = 0 for physical reasons. So 
the only stationary point in the physical region is when 

u =2f. To classify this stationary point, we use the first 


derivative test. When u is just less than 2f, Z is a 


On the other hand, when u is just greater saa 2, wis 


positive. So the stationary point u = 2f is a local snlstinies, 
The corresponding distance between the object and image is 


Aa 

Y= OFF 4f. 
However, before we conclude that this is the overall 
minimum, we must examine the values of y at the limits of 
its domain. When u is large and positive, y is also large and 
positive. When w is close to f (where the function y(u) is 
undefined), y is large and positive. Finally, when u is small 
and positive, y is also small and positive. 
So the overall minimum distance between object and image 
is effectively zero and occurs when the object is as close as 
possible to the lens. 
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Appendix 2: Solutions to the supplementary exercises 


Solutions to the supplementary exercises 
in Section 1 


1, Rearranging the equation so that only the term involving 
ais on one side of the equation, we have 


aoe 
fat? =s—ut, 


2. 2u—5u = 19, () 
3u + 4v = -29, (2) 

Multiplying Equation (1) by 3 and Equation (2) by 2 gives 
6u — 15v = 57, (3) 
6u + 8v = —58, (4) 


Subtracting Equation (3) from Equation (4) leads to 
23v = —115, 

ie. v=—65. 

Substituting this in Equation (1), we obtain 
2u +25 = 19, 

ie, 2u=-6 or u=—3. 


Hence the solution is u= —3, v = —5. 


3. (i) 2? +6245 = (a+ 1)(x +5) 
(ii) 2y? +5y +3 = (y+ 1)(2y +3) 
(iii) 32? — x = 2(3x -1) 


4. (i) Rearranging the equation gives 
a’ +22-8=0, 

ie. (2 +4)(2—2) =0. 

So m=2ore=-4. 

(ii) 6A° + A? — A = A(6A? +. A= 1) = A(BA— 1)(2A + 1), 

so the equation is equivalent to 
A(3A — 1)(2A + 1) = 0 

Hence 


d=0,A=4orA=-4. 


5. (i) Putting a = 1, 6 =~ and using the appropriate row 
of Pascal's triangle gives 


(1+2)' =14 42460? + 42°42. 
(ii) Here a=2,b=2 and n=5, so 
(24+2)° =2°+5x2*x2+10x 2° xa? 
+10x2 xa +5x2xa*+a° 
= 32+ 80x + 80x" + 402° + 102° + a. 


6. (i) 1.76251 x 10-* 
(ii) —2.75 x 10? 


7. (—5)* = 625 and (—4)® = —1024. 
So the greater number is (—5)* (although the number with 
greater magnitude is (—4)°). 


i (28) x ee _@ye gt 
x 16 161/4 Vié 2 
(ii) 4 log, 27 + 4 log, 4 = log.(27'/*) + 10g, (3)"7 
= log, V27 + log, /E 
= log, 3 + log, $ 
= log, (3 x 4) 
= log, 1=0 


(iii) exp { $ log, (w*)} = exp {log,(a*)°/*} 
= (at)? = at*# = 2? 


9, 5? +10? +157 +--+ +95? + 1007 


= 25 x } x 20x (20+1) x (2x 20 +1) 

= 25 x } x 20x 21 x 41 = 71750, 
where we have used the formula 

Yor? = ban + 1)(2n +1) 


r= 


with n = 20. 


ie. 0.9999... =1. 


‘This confirms a surprising result which you should know 
already; it generalizes to any decimal expression ending in 
an infinite repeating sequence of 9s, so that (for example) 


3.141 599999... = 3.1416. 


Solutions to the supplementary exercises 
in Section 2 


dee ee 
LW) ctlr= =F 
‘ " 2 ran 3 
(ii) sin(—3x) = -sin r= —¥2 
2. (8) sin fr=—sin}r=—%9, no 


arcsin (sin $m) = aresin ( 


ii) arccos } = $7, so 
Vest | 


sin (arccos 4) = sin ($1) = 
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3. Acos(wt + ) = A(coswt cos @ — sinwt sin 4) 
= (Acos 4) coswt — (Asin ) sin wt. 
This is of the form Bcoswt + C'sinwt, with 
B=Acos$ and C=—Asing. 


4. Putting § = 2a in the formula for cos(a + 3), we obtain 
cos 3a = cos a.cos 2a — sin asin 2a. 
Now cos 2a = 2cos? a — 1 and sin 2a = 2sinacosa, so 
cos 8a = cos a(2cos” a — 1) — sina(2sinacos a) 
= 2cos* a — cosa — 2sin” a cosa 
= 20s" a — cosa ~ 2(1 — cos* ) cos a 
cos’ a — 3cosa. 


Solutions to the supplementary exercises 
in Section 3 


1. (i) 


Fe gt ney ce 
(ii) :(2 + Bsint) = Bcost 


(iii) é(t) = —4sint + 3cost, hence 
&(}m) = —4sin(4) + 3cos($m) = —4. 


Oriana a 
(it) %Y = atexp(t?) 
(iv) & = ~ts0c*(3 — 444) 


3. (i) Using the product rule and the chain rule, 
a 
Ge = (Ce) + (t)(8e"4) 
= (3t+1e™, 
(ii) Using the quotient rule, 
(4) @? +1) = (og. #)(22) 
f'@) =+% 
@ +p 
_ a? +1- 227 log, x 
a(n? +1)? 
(iii) Using the product rule and the chain rule, 
o'(t) = (1)(exp(t*)) + (t)(2texp(e*)) 
= (2t? + 1) exp(t?). 


4. (i) Here we have to use the chain rule twice. First, 
4 (eoa(y?)) = ay) du 
Gg ©0800") = , (contu?)) Ge 

Using the chain rule for the second time, 


Fy (eoa(u?)) = (~sin(u*))(2u). 


So, finally, 
& (cos(y?)) = ~2ysin(y?) 2. 
(i) 2 (og.(e +e") = ster) 
ae ot 


17 


(itt).  (tan(zy)) = sec*(2y) 4 (ev) 


= (y+ 2M) soc*(zy) 


5. The function is y = f(«), where 
f(a) = 30" + 8x* — 4827 + 200. 

So f(a) = 120° + 24x? — 96x 
and f’(x) = 3627 + 48x — 96. 
At stationary points, f’() = 0: 

122° + 24x? — 96x = 0, 
ie. 122(x? + 2n-—8)=0 
or 122(x —2)(x+4)=0. 
So #=0,r=2orr=—4. 
Now (0) = -96 = negative and f(0) = 200, so the 
stationary point (0,200) is a local maximum. 
Also, f""(2) = 36 x 2? + 48 x 2-96 = positive 
and f(2) = 3x 2*+8 x 2° — 48 x 2? + 200 = 120, 
so the stationary point (2,120) is a local minimum. 
Further, f”(—4) = 36 x (—4)? + 48 x (—4) — 96 = positive 
and f(—4) = 8 x (—4)* +8 x (—4)* — 48 x (—4)? + 200 
= —312, so the stationary point (—4, —312) is a local 
minimum. 


Note that the stationary points alternate in nature with 
increasing x, as you would expect. 


Solutions to the supplementary exercises 
in Section 4 


1. (i) Using the standard integral 
[octarae i= * tanaz +C 

with a = } gives 
[oe darde =3tan tr+C. 

(ii) Using the standard integral 


1 


with a = 2 and the variable y replacing the variable », we 
obtain 


1 
J preite= fwtan jy +0. 


1 
S arctan = +C 
a a 


(iii) The last table of integrals in Subsection 7.1 of the 
Handbook contains the result 


‘ _ _cos(a— A) _ cos(a +f) 
sinaxcosfirde =~  - e +C. 
So 
a/2 a2 
aver | actallett tad 
} 2) 10 |, 


= [}cos — #cos5z]"/* 
= (feos 4 — 3h, cos $n) 
— (4 .cos0 — 4 cos0) 
= (0-0) - (3-35 
2 


2. 
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2. (i) My initial guess is (32 + 1)!°, But 
Zoe +1)") = 30(82 +1)", 

so my adjusted guess is F(z) = 2,(3x +1)". As 

d 

a (3)(8¢ +1)"°) = (x +1), 

I conclude that 


[ox 1)’ dz = £(3r+1)" +C. 


(ii) Concentrating on the reciprocal (2z* + 1)~ and 
recalling the standard integral 
i 

fie =log,r+C, 

my first guess is log,(2x? + 1), However, 
d a te 

ap (0B (22" +1) = sa 
so my adjusted guess is F() = + log,(2x* +1). Now 
aoa 2 _ 2 
at 08622" +1)) = Sa 
and so 


[aa 


3. (i) Let u=a" +1, so that de = 327 and du = 32? dx. 
Then 


fe Gylds= if +1)"2(a2? ax) 


= 3 fran 


= 2,,3/2 +C 
= 2(2° +1)" +0. 


dx = } log, (22? +1) +C. 


02 


(ii) Let w=, so that 44 = 2¢ and du = 2tde. Hence the 
integral becomes 


fe dt = 4 [oP yaa 


(iii) Let u = sin@, so that = cos@ and du = cos0d0. 


B 
Therefore 
[cmosiat 6d0 = [on 6)° (cos 6d0) 


= [va 


=tu'+C 
= tsinto +c. 


(iv): Let. u= 6%, 20 that a =20 and du = 2040, Thus 


acoso) ao = 5 [ cose? (20a) 


il} 
oe 

2 

é 


iH 

wh 
8 
= 
+ 
Q 


4 sin(6?) +0. 
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(v) We use the substitution u=2xr—1ora=}u+}, 
hence dx = } du. Therefore 


ut 
dz= [% aa yet (4 du) 
= fae? +4ur"/*) du 
=lw?4lic 


= }(2e — 1)? + 3(22-1)"? +6. 
(vi) We use the trigonometric substitution « = sin u, so 


ie ; 
that — =cosu, i.e. dx = cosudu, 


du 
Now when z = 0, w=0, and when z=}, u=2n. So 
2=1/2 u=n/O 
1-@dz= ay ain w (eostsdn) 
e=0 =0 
ple 
=[ cos’ udu 
0 
/6 
= if (1 + cos 2u) du 
0 


4 [w+ bsindu)'o5/° 
= }(dn+ }sin $x) — 3(0 + }sin0) 


4. (i) Using the priority list given in the text, we choose 


Substituting in the formula 


dv du 
[Gar-w- [oar 


gives 


[artee= bo +4 f 


=-}re™* —1e-* 4.0 
—}(1+2u)e* +C. 
(ii) We choose 


de 


and © =cosz, 
lx 


80 ash and v=sing. 
dx 


Substituting in the formula 


dy du 
[Btwn JoBe 


we obtain 
[ scosede =csine f sinzae 


=asing +cosa+C. 
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Solutions to the supplementary exercises 
in Section 5 


1, As the slope of the line is m = 3, its equation has the 
form 


y=3r+e. 

‘The line passes through the point (~1,2), and so 
2=-3+e ie, c=5, 

So the equation of the straight line is 
y=3r+5, 

and the y-intercept is c = 5. 

To find the x-intercept, we put y = 0: 
0=3r+5, 

Hence the w-intercept is —$. 


i =-§ 
ie, 2=—§. 


2. When x = 0, y = 200, and so the graph crosses the y-axis 
at (0,200), When y = 0, 3a* + 8x° — 48”* + 200 = 0. It is 
not easy to solve this quartic equation to find where the 
curve crosses the x-axis. 

When z is very large, y ~ 3x‘. So when z is large and 
positive, y is large and positive. Similarly, when « is large 
and negative, y is again large and positive, 

The function is defined for all values of a. 


Using the solution to Supplementary Exercise 5 of 
Subsection 3.4, the function has a local maximum at (0,200) 
and local minima at (—4,—312) and (2,120). 

Collecting together the above information, we arrive at the 
sketch of the curve shown in Figure 1. 


vs 


Figure 1 Sketch of the curve y = 304 + 8x" — 482° + 200. 
3. When x =0, y = 0, and so the graph crosses the y-axis 
at the origin, When y = 0, x = 0, and so the graph crosses 
the a-axis only at the origin. 


When a is very large, 
~ ca 
j=— =z. 
In particular, when a is large and positive, y is large and 
positive, and when a is large and negative, y is also large 


and negative. 
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‘The function is undefined for 2 =—1. When z is just less 
than —1, y is large and negative. When z is just greater 
than —1, y is large and positive. 


dy _ (22)(@+1)~(2*)(1) 


dx (e+ 1)? 
_ 2? +2 _ a(x +2) 
~ (@+1)? ~~ (@ +1)?’ 


and at stationary points this must be equal to zero, which 
leads to x = 0 and z = —2. When x = 0, y= 0, and when 
x =—2, y =—4, So the stationary points are (0,0) and 
(—2,—4). To classify these stationary points it is probably 
best to use the first derivative test. 


When = is just less than 0, # is negative, whereas when a 
is just greater than 0, a is positive, Hence the stationary 
point (0,0) is a local minimum. 

When «is just less than ~2, 4 is positive, whereas when 
is just greater than ~2, % is negative. Hence the stationary 


point (—2, ~4) is a local maximum, 


Collecting together the above information, we arrive at the 
sketch of the graph shown in Figure 2. 
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Figure 2. Sketch of the curve y = aii 


4. f(w) =tane => f(0) 


=> f'(0)=1 
f!' (x) = (2secx)(sec x tan x) 
= 2sec? x tanx 
f'" (w) = 2{(2sec? x tan x) (tana) 
+ (sec? x)(sec? x)} 
=4sec?xtan?x+2sectx => f’"(0)=2 
So the cubic Taylor approximation about 2 = 0 to the 
function f(x) = tanz is 


= f"(0)=0 


70) +224 £02. LO) = 2442 
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5. Using the Taylor series for (a +2)" with a =1 and 
r= 3, we have 


=1+de—he?+ bet - dette. 
Putting 2 = 0.01 and working throughout to 8 (= 6 + 2) 
decimal places, we have 


V1,01 = 1 + 0.005 — 0,0000125 + 0.000 000 06 


= 1.004 987 56. 
So to 6 decimal places, 
V¥1.01 = 1.004988. 


ae 


